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Glossary of Notation

|A]
Tr(A)
A(A)
a(A)
1A]]
1Al
r <y
A4 B
AfB
AV B
Al'B

: The linear space of all n-tuples of complex numbers

: The scalar product of vectors z and y

: The space of n X n complex matrices

: The Hilbert space

: The set of all n X n Hermitian matrices

: The set of n x n positive semi-definite (or positive) matrices
: The set of positive definite (or strictly positive) matrices
: The identity and zero elements of M, respectively

: The conjugate transpose (or adjoint) of the matrix A

: The positive semi-definite matrix (A*A)'/?

: The canonical trace of matrix A

: The eigenvalue of matrix A

: The spectrum of matrix A

: The operator norm of matrix A

: The unitarily invariant norm of matrix A

: x 1s majorized by y

: The t-geometric mean of two matrices A and B

: The geometric mean of two matrices A and B

: The arithmetic mean of two matrices A and B

: The harmonic mean of two matrices A and B
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A:B . The parallel sum of two matrices A and B
M,(A,B,t) : The matrix p-power mean of matrices A and B
opgx(p, h, K) : The class of operator (p, h)-convex functions on K

A A : The positive and the negative parts of matrix A
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Introduction

Nowadays, the importance of matrix theory has been well-acknowledged in many areas of
engineering, probability and statistics, quantum information, numerical analysis, and biological
and social sciences. In particular, positive definite matrices appear as data points in a diverse
variety of settings: co-variance matrices in statistics [20], elements of the search space in convex
and semi-definite programming [1] and density matrices in the quantum information [72].

In the past decades, matrix analysis becomes an independent discipline in mathematics due
to a great number of its applications [3} [7, [18, 24} 25, 26, 27, 134} 139, 146, [85]]. Topics of matrix
analysis are discussed over algebras of matrices or algebras of linear operators in finite dimen-
sional Hilbert spaces. Algebra of all linear operators in a finite dimensional Hilbert space is
isomorphic to the algebra of all complex matrices of the same dimension. One of the main
tools in matrix analysis is the spectral theorem in finite dimensional cases. Numerous results
in matrix analysis can be transferred to linear operators on infinite dimensional Hilbert spaces
without any difficulties. At the same time, many important results from matrices are not true so
far for operators in infinite dimensional Hilbert spaces. Recently, many areas of matrix analysis
are intensively studied such as theory of matrix monotone and matrix convex functions, theory
of matrix means, majorization theory in quantum information theory, etc. Especially, physical
and mathematical communities pay more attention on topics of matrix inequalities and matrix
functions because of their useful applications in different fields of mathematics and physics as
well. Those objects are also important tools in studying operator theory and operator algebra
theory as well.

In 1930 von Neumann introduced a mathematical system of axioms of the quantum mechan-



ics as follows:

(i) Each finite dimensional quantum system of n particles is associated with a Hilbert space
of dimension 2";

(i) Each observable in such a quantum system corresponds to a Hermitian matrix of the
same dimension;

(111) Each quantum state is associated to a density matrix, i.e., a positive semi-definite matrix
of trace 1.

Therefore, matrix theory, matrix analysis and operator theory become the backgrounds of
quantum mechanics and hence, several problems in quantum mechanics could be translated to
others in the language of matrices. On the other hand, in the last decades along with an intensive
development of the quantum information theory, matrix analysis becomes more popular and
important.

Recall that if A\, Ao, - -+ | Ay are eigenvalues of a Hermitian matrix A, then A can be repre-

sented as i
A= NP,
j=1

where P; is the orthogonal projection onto the subspace spanned by the eigen-vectors corre-
sponding to the eigenvalue \;. And for a real-valued function f defined at \; (z = 1,--- , k), the

matrix f(A) is well-defined by the spectral theorem [43] as

FA) =D f(\)P;. 0.0.1)

In quantum theory most of important quantum quantities are defined with the canonical trace Tr
on the algebra of matrices. An important quantity is the quantum entropy. For a density matrix

A, the quantum entropy of A is the value
— Tr(Alog(4)),

where the matrix log(A) is defined by (0.0.1).



It is worth to mention that the function log ¢ is matrix monotone on (0, co), while the function
tlogt is matrix convex on (0, c0). Recall that a function f is operator monotone on (0, co) if
and only if ¢ f(t) is operator convex on (0, c0). Operator monotone functions were first studied
by K. Loewner in his seminal papers [66] in 1930. In the same decade, F. Krauss introduced
operator convex functions [60]. Nowadays, the theory of such functions is intensively studied
and becomes an important topic in matrix theory because of their vast of applications in matrix
theory and quantum theory as well [41, 154,155,157, 163, 165, 169, 73, [75].

In general, a continuous function f defined on K C R is said to be [14]:

e matrix monotone of order n if for any Hermitian matrices A and B of order n with spectra
in K,
A<B = f(A) < f(B). (0.0.2)

e matrix convex of order n if for any Hermitian matrices A and B of order n with spectra in

K,and forany 0 < A < 1,

FOA+ (1= XNB) < Af(A) + (1= N f(B). (0.0.3)

If the function f is matrix monotone (matrix convex, respectively) for any dimension of matrices,
then it is called operator monotone (operator convex, respectively).

An important example of operator monotone and convex functions is f(¢) = t°. Loewner
showed that this function is operator monotone on R if and only if the power s € [0, 1] while
it is operator convex on (0, co) if and only if s € [—1,0] U [1, 2].

Now let us look back at the scalar mean theory which sets a starting point for our study in
this thesis.

A scalar mean M of non-negative numbers is a function from R™ x R* to R™ such that:
1) M(z,z) = x forevery x € RT;

2) M(x,y) = M(y,x) for every z,y € RT;



3) Ifx <y, thenz < M(x,y) <y;

4) If < zgand y < yo, then M (x,y) < M(xq,yo);
5) M(x,y) is continuous;

6) M(tx, ty) =tM(x,y) fort,x,y € RT.

A two-variable function M (z,y) satisfying condition 6) can be reduced to a one-variable
function f(z) := M(1,z). Namely, M(z,y) is recovered from f as M(z,y) = zf(z " 'y).
Notice that the function f, corresponding to M is monotone increasing on R™. And this relation
forms a one-to-one correspondence between means and monotone increasing functions on R+,

In the last few decades, there has been a renewed interest in developing the theory of means
for elements in the subset HI of positive semi-definite matrices in the algebra M, of all matrices
of order n. Motivated by a study of electrical network connections, Anderson and Duffin [3]]
introduced a binary operator A : B, called parallel addition, for pairs of positive semi-definite
matrices. Subsequently, Anderson and Trapp [4] have extended this notion to positive linear
operators on a Hilbert space and demonstrated its importance in operator theory. Besides, the
problem to find a matrix analog of the geometric mean of non-negative numbers was a long-
standing problem since the product of two positive semi-definite matrices is not always a positive
semi-definite matrix. In 1975, Pusz and Woronowicz [[79] solved this problem and showed that
the geometric mean AfB := AY2(A~1/2BA~1/2)1/2 A1/2 of two positive definite matrices A and

B is the unique solution of the matrix Riccati equation
XA'X =B.

In 1980, Ando and Kubo [61] developed an axiomatic theory of operator means on H. A
binary operation o on the class of positive operators, (A, B) — Ao B, is called a connection if

the following requirements are fulfilled:

(i) Monotonicity: A < C'and B < D imply AcB < CoD;



(ii) Transformation: C*(AoB)C < (C*AC)o(C*BC);

(iii) Continuity: A,, | A and B,, | B imply A,,0B,, | AcB (A,, | A means that the

sequence A,, converges strongly in norm to A).

A mean o is a connection satisfying the normalized condition:

(iv) Iol = I (where [ is the identity element of M,).

The main result in Kubo-Ando theory is the proof of the existence of an affine order-isomorphism
from the class of operator means onto the class of positive operator monotone functions on R™
which is described by

Ao;B = AV2f(A7V2BATY2) A2,

This formula verifies that the geometric mean defined by Pusz and Woronowicz was natural and
corresponding to the operator monotone function f(t) = ¢t'/2. A mean o is called symmetric if
Ao B = Bo A for any positive matrices A and B. Or, equivalently, the representing function f
of a symmetric mean satisfies f(t) = tf(t7!), t € (0, 00).

Later, motivated by information geometry, Morozova and Chentsov [69] studied monotone
inner products under stochastic mappings on the space of matrices and monotone metrics in
quantum theory. In 1996, Petz [78] proved that there is a correspondence between monotone
metrics and operator means in the sense of Kubo and Ando, and hence, connected three impor-
tant theories in quantum information theory and matrix analysis.

It is worth to mention that along with the quantum entropy of quantum states, many other
important quantum quantities are defined with operator means, operator convex functions and

the canonical trace.

Example 0.0.1. For two density matrices A and B, the quantum relative entropy [64] of A with

respect to B is defined by

S(A||B) = —Tr(A(log A — log B)).



The quantum Chernoff bound [10] in quantum hypothesis testing theory is given by a simple

expression: For positive semi-definite matrices A and B,

Q(A, B) = min {Tr(A°B*)}.

0<s<1

One of important quantities in quantum theory is the Renyi divergence [20]: for o € (0,1) U
(1, 00),
1 Tr(A*B'™)

Tr(A(log A — log B))
1
T m(A)

Dr= Tr(A)

DalAlIB) = ——

All of quantities listed above are special cases of the quantum f-divergence in quantum
theory where f is some operator convex function [45]]. Thus, the theory of matrix functions is
an important part of matrix analysis and of quantum information theory as well.

Now let o and 7 be arbitrary operator means (not necessarily Kubo-Ando means) [61]. We
introduce a general approach to operator convexity as follows.

A non-negative continuous function f on R is called o7-convex if for any positive definite

matrices A and B,

f(AoB) < f(A)rf(B). (0.0.4)

When o and 7 are the arithmetic mean, the function f satisfying the above inequality is operator
convex. When o is the arithmetic mean and 7 is the geometric mean, the function f satisfying
(0.0.4) is called operator log-convex. Such functions were fully characterized by Hiai and Ando
in [11] as decreasingly monotone operator functions.

The matrix power mean of positive semi-definite matrices A and B was first studied by

Bhagwat and Subramanian [15] as
My(A, B,t) = (tA? + (1 —t)B")/? | for peR.

The matrix power mean M, (A, B,t) is a Kubo-Ando mean if and only if p = +1. Never-
theless, the power means with p > 1 have many important applications in mathematical physics

and in the theory of operator spaces [21].



In this thesis, we use (0.0.4) to define some new classes of operator convex functions with
the matrix power means M,(A, B,t). We study properties of such functions and prove some
well-known inequalities for them. We also provide several equivalent conditions for a function
to be operator convex in this new sense.

Now, let us consider some geometrical interpretations for scalar means and matrix means.
Let 0 < a < x < b. Itis obvious that the arithmetic mean (a + b)/2 is the unique solution of the

optimization problem
(x —a)’+ (r —b)* - min, z€R.
And for any scalar mean M on R™,
M(a,b) —a <b-—a.

We call this the in-betweenness property.

In 2013, Audenaert studied the in-betweenness property for matrix means in [9)]. Recently,
Dinh, Dumitru and Franco [49] continued to investigate this property for the matrix power
means. They provided some partial solutions to Audenaert’s conjecture in [9] and a counterex-
ample to the conjecture for p > 0.

From the property 3) in the definition of scalar means, it is obvious that,

b b
a; — M(a,b) < 2 (0.0.5)

b
In other words, M (a,b) lies inside the sphere centered at the arithmetic mean ¢ with the
radius equal to a half of the distance between a and b. We call this the in-sphere property of
scalar means with respect to the Euclidean distance on R. Notice that for s € [0,1] and p > 0

the s-weighted geometric mean M (a,b) = a'~*b° and the power mean (or binomial mean)

M,(a,b,s) = ((1 — s)a” + sb?)'/? satisfy the in-sphere property (0.0.5).



Now, let A and B be positive definite matrices. The Riemannian distance function on the set

of positive definite matrices is defined by

1/2
or(A,B) = (Z 1032(/\1'(14_13))> :

In 2005, Moakher [67] showed that the geometric mean AfB is the unique minimizer of the

sum of the squares of the distances:
61(X, A) 4+ 6%(X, B) — min, X > 0.
Almost at the same time, Bhatia and Holbrook [[17]] showed that the curve
v(s) = A B = AV2H(ATV2BATY2)sAY2 (s € ]0,1])

is the unique geodesic (i.e., the shortest) path joining A and B. Furthermore, the geometric mean
AfB is the midpoint of this geodesic. Therefore, the picture for matrix means is very different
from the one for scalar ones.

Notice that one of the important matrix generalizations of the in-sphere property is the fa-
mous Powers-Stgrmer inequality proved by Audenaert et. al. [10], and then expanded to op-

erator algebras by Ogata [74]: for any positive semi-definite matrices and for any s € [0, 1],

Tr(A+ B —|A— B|) <2Tr(A*B'"%). (0.0.6)

Using the last inequality the authors solved a problem in quantum hypothesis testing theory: to
define the quantum generalization of the Chernoff bound [23]. The quantity on the left hand
side of is called the non-logarithmic quantum Chernoff bound. Along with the men-
tioned above importance of matrix means, the Powers-Stgrmer inequality again shows us that
the picture of matrix means is really interesting and complicated.

The second aim of this thesis is to investigate various matrix versions of in-sphere property



(0.0.5). More precisely, we study inequalities involving matrices, matrix means, trace, norms
and matrix functions. We also consider the in-sphere property for matrix means with respect to

some distance functions on the manifold of positive semi-definite matrices.

The purposes of the current thesis are as follows.

1. Investigate new types of operator convex functions with respect to matrix means, study
their properties and prove some well-known inequalities for them.

2. Characterize new types of operator convex functions by matrix inequalities.

3. Study reverse arithmetic-geometric means inequalities involving general matrix means.

4. Study reverse inequalities for the matrix Heinz means and unitarily invariant norms.

5. Study in-sphere properties for matrix means with respect to unitarily invariant norms.

Methodology. The main tool in our research is the spectral theorem for Hermitian matrices.
We use techniques in the theory of matrix means of Kubo and Ando to define new types of
operator convexity. Some basic techniques in the theory of operator monotone functions and
operator convex functions are also used in the dissertation. We also use basic knowledge in
matrix theory involving unitarily invariant norms, trace, etc.

Main results of the work were presented on the seminars at the Department of Mathematics

at Quy Nhon University and on international workshops and conferences as follows:

1. The Second Mathematical Conference of Central and Highland of Vietnam, Da Lat Uni-

versity, November 2017.

2. The 6th International Conference on Matrix Analysis and Applications (ICMAA 2017),
Duy Tan University, June 2017.

3. Conference on Algebra, Geometry and Topology (DAHITO), Dak Lak Pedagogical Col-
lege, November 2016.

4. International Workshop on Quantum Information Theory and Related Topics, VIASM,
September 2015.

5. Conference on Mathematics of Central-Highland Area of Vietnam, Quy Nhon University,
August 2015.



6. Conference on Algebra, Geometry and Topology (DAHITO), Ha Long, December 2014.

7. International Workshop on Quantum Information Theory and Related Topics, Ritsumeikan

University, Japan, September 2014.

This thesis has Introduction, three chapters, Conclusion, a list of the author’s papers related
to the thesis and preprints related to the topics of the thesis, and a list of references.

Brief content of the thesis.

In Introduction the author provides a background on the topics which are considered in this
work. The meaningfulness and motivations of this work are explained. The author also provides
a brief content of the thesis with main results from the last two chapters.

In the first chapter the author collects some basic preliminaries which are used in the thesis.

In the second chapter the author defines and studies new classes of operator convex func-
tions, their properties, proves some well-known inequalities for them and obtains a series of
characterizations.

Let M, be the space of n x n complex matrices, H,, the set of all n x n Hermitian matrices
and HT the set of positive semi-definite matrices in M,,. In this work, we always assume that
p is some positive number, J is an interval in R™ such that (0,1) C J. The set K (C R*) is
always a p-convex set (i.e., [az? + (1 — a)y?]'/? € K forall 2,y € K and « € [0, 1]), and h is
an super-multiplicative function on J (i.e., h(xy) > h(x)h(y) for any z and y in J).

Definition 2.1.2 ([51]]). Let » : J — R™ be a super-multiplicative function. A non-negative
function f : K — R is said to be operator (p, h)-convex (or belongs to the class opgx(p, h, K))

if for any n € N and for any A, B € H with spectra in K, and for « € (0, 1), we have
f <[aAp +(1- a)Bp]l/p) < h(a) f(A) + h(1 — a)f(B). (2.1.4)

When p = 1, h(a) = «, we get the usual definition of operator convex functions on R™.
The class of operator (p, h)-convex functions contains several well-known classes of func-
tions such as non-negative convex functions, h- and p-convex functions [13], Godunova-Levin

functions (or ()-class functions) [30] and P-class functions [70]. An operator (p, h)-convex

10



function could be either an operator monotone function or an operator convex function. On
the other hand, many power functions are operator (p, h)-convex but are neither an operator
monotone nor an operator convex.

Operator (p, h)-convex functions satisfy some properties. Besides, we also obtain matrix
versions of Jensen type inequality, Hansen-Pedersen type inequality for operator (p, h)-convex
functions. And finally, we provide a series of equivalent conditions for a continuous function to
be operator (p, h)-convex.

Theorem 2.1.6 ([S1]). Let f be a non-negative function on the interval K such that f(0)

0,
and h a non-negative and non-zero super-multiplicative function on J satisfying 2h(1/2) <

a 'h(a) (a € (0,1)). Then the following statements are equivalent:
(i) f is an operator (p, h)-convex function;

(ii) for any contraction V (|V|| < 1) and self-adjoint matrix A with spectrum in K,

FIVAPV)YP) < 20(1/2)V* f(A)V;

(iii) for any orthogonal projection () and any Hermitian matrix A with spectrum in K,
F(QAPQ)YP) < 21(1/2)Qf(A)Q;

(iv) for any natural number k, for any families of positive operators { A;}5_, in a finite dimen-
sional Hilbert space H satisfying Zle o; A; = Iy (the identity operator in H) and for

arbitrary numbers x; € K,

1/p

k

k
/ [Z Oéz‘ffAi
i=1

In the second section of this chapter we define another type of convexity which is called

operator (r, s)-convexity.

11



For a pair X = (A;, As) of Hermitian matrices with o(A4;),0(As) C K, and a function
f, we define f(X) = (f(A1), f(Az)). For a pair of positive numbers W = (w;,ws), we set

Wy := w; + wy and define the weighted matrix r-power mean MU(X, W) to be

1/r

1
MU(X W) = W(MA; + wy AD)

Definition 2.2.1 ([48]]). Let r, s be arbitrary numbers, and K be an interval in R™. A continuous

function f : K — (0, 00) is said to be operator (r, s)-convex if
FOMI(X, W) < MY(F(X), W). (2.2.16)

where X, W, f(X), MU(X, W) are defined as above.

We obtain some properties of operator (r, s)-convex functions which are similar to those of
operator (p, h)-convex functions. We also prove the Rado inequality for such functions.

In the third chapter, we study the in-sphere property for matrix means. We also establish
some reverse inequalities for the matrix Heinz means and provide a new characterization of the
matrix arithmetic mean.

Firstly, notice that for two non-negative numbers a and b and for any number s € [0, 1], it is
obvious that

a+b |a—10
2 2

min{a, b} = < a'"*b* = afi,b. (3.0.2)

o : : a’b'* +a' :
and the following inequality for the Heinz mean H(a,b) = 5 is an immediate

consequence of (3.0.2)

a+b Ja—0b < a7t + bt

5 5 = 5 (3.0.3)

12



And the arithmetic-geometric means (AGM) inequality has a refinement given by

1—s1,8 spl—s
\/%Sa b—;—ab Sa—2|—b

(3.0.4)

Various matrix generalizations of inequality (3.0.2) and (3.0.3) are a timely research subject
under active investigation.

In the first section of the third chapter, for some symmetric operator mean o (i.e., AcB =
Bo A for any positive definite matrices A, B) we investigate a matrix version of (3.0.2) and

(3.0.3) of the form:

A+ B
2

1
— 54— B < AoyB. (3.1.6)

We show that generalized reverse AGM inequalities hold under the extra condition that AB+B A
is positive semi-definite.

Theorem 3.1.1 ([S0]). Let f be a strictly positive operator monotone function on [0, 00) with
f((0,00)) C (0,00) and f(1) = 1. Then for any positive semi-definite matrices A and B with
AB+ BA >0,

A+ B
2

1
— 514~ B| < AoyB, (3.1.7)

By using Matlab, we provide counter-examples which confirm that the condition AB +
BA > 0 is essential.

In the second section we study some reverse inequalities to (3.0.4) for unitarily invariant
norms and the matrix Heinz mean. Recall that a norm ||| - ||| on M, is unitarily invariant if
[||UAV||| = |||A||| for any unitary matrices U, V and any A € M,.

Theorem 3.2.1 ([S2]). Let ||| - ||| be an arbitrary unitarily invariant norm on M,,. Let f be an

operator monotone function on [0, 00) with f((0,00)) C (0,00) and f(0) = 0, and g a function

13



on [0, 00) such that g(t) = % (t € (0,00)) and g(0) = 0. Then for any A, B € P,,,

H‘A—;—B . %Al/gun _A71/QBA—1/2’A1/2

| < |||rearzgm peay

< [[IF(A)g(BIII

As an application, for f(t) = t° (s € [0,1]), we obtain a reverse inequality for the matrix
Heinz mean as in Theorem 3.2.2 and some inequalities for unitarily invariant norms.

In the rest of the thesis we consider the in-sphere property for operator means. Firstly, recall
that from (3.1.7), for any operator mean o, for any unitarily invariant norm ||| - ||| and for any
A, B € H with AB + BA > 0, we have

H’A+B

1
—A Bm<_ A— Bl
B o8| < Liia- s

The last inequality means that whatever operator mean o we take, the point Ao B can not run out

of the sphere with center at and the radius equal to %|||A — BY||- This is one of matrix
versions of in-sphere property of operator means. However, if we fix some operator mean o
which is different from the arithmetic mean, then we can find a couple of matrices A, B so that
Ao B runs away from the sphere mentioned aboved. In the next theorem, we provide a new
characterization of the matrix arithmetic mean by the inequality (3.1.7).

Theorem 3.3.1 ([52]). Let o be an arbitrary symmetric mean. If for an arbitrary unitarily

invariant norm ||| - ||| on M,

H‘A+B

1
. —AUB‘H <slla- Bl (3.3.24)

whenever A, B € P, then o is the arithmetic mean.

Finally, we show that if we replace the Kubo-Ando means by the power mean M, (A, B, t)
= (tAP 4 (1 — t)BP)"/? with p € [1, 2] then the inequality in Theorem holds without the
condition AB + BA > 0. In other words, the matrix power means M, (A, B,t) satisfies the

in-sphere property with respect to the Hilbert-Schmidt 2-norm.
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Theorem 3.3.2 ([52]). Let p € [1,2] and M,(A, B,t) = (tA? + (1 — t)BP)Y/? . Then for any

pair of positive semi-definite matrices A and B, we have

1
<5 llA=Bl,. (3.3.28)
2
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Chapter 1

Preliminaries

Let N be the set of all natural numbers. For each n € N, we denote by M, the algebra of all
n x n complex matrices. Denote by I and O the identity and zero elements of M, respectively.

In this thesis we consider problems for matrices, i.e., operators in finite dimensional Hilbert
spaces. We will mention if the case is infinite dimensional.

Recall that for two vectors © = (x;),y = (y;) € C" the inner product (x,y) of x and y is
defined as (z,y) = > ;%;Y;. Now let A be a matrix in M,,. The conjugate transpose or the
adjoint A* of A is the complex conjugate of the transpose A”. We have, (Ax,y) = (x, A*y).

A matrix A is called:

self-adjoint or Hermitian if A = A*, or, it is equivalent to that (Az,y) = (x, Ay);

unitary if AA*=A*A=1
normal if AA* = A*A;

positive semi-definite (or positive) (we write A > 0) if

(x,Az) >0 forall ze€ C"; (1.0.1)

— positive definite (or strictly positive) (we write A > 0) if (1.0.1)) is strict for all non-zero

vector ¢ € C™;
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— orthogonal projection if A = A* = A%

Note that in the finite dimensional case, A > 0 if and only if A is invertible and A > 0.
A positive semi-definite matrix is necessary Hermitian. Further, we denote by H, the set of all
n X n Hermitian matrices, by Ht and P,, the n X n positive semi-definite and positive definite

matrices, respectively.
Lemma 1.0.1. The following statements are equivalent:
(i) A is positive semi-definite;
(ii) A is Hermitian and all its eigenvalues are non-negative;
(ii) A = B*B for some matrix B;
(iii) A =T*T for some upper triangular T';
(iv) A =T*T for some upper triangular T'. Moreover, T' can be chosen to have non-negative
diagonal entries. If A is positive definite, then T is uniqueﬂ'
(v) A = B? for some positive semi-definite matrix B. Such a B is unique, denoted by B =
AY? and called the (positive) square root of A.
The matrix A is positive definite if and only if B is positive definite.

Notice that for any matrix A, the matrix A*A is always positive semi-definite. Hence, as a
consequence of (v), the module | A| of A is well defined to be |A| := (A*A)Y/2.

Now let us define a partial order on the set H,, of Hermitian matrices as follows:
A>B if A-B2>0.

This is known as the Loewner partial order.
The canonical trace of a matrix A = (a;;) € M, denoted by Tr(A), is the sum of all

diagonal entries, or, we often use the sum of all eigenvalues \;(A) of A, i.e.,

Tr(A) = Z (i = Z Ai(A).

IThis is called the Cholesky Decomposition of A
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A positive semi-definite matrix A with trace 1 is called a density matrix which is associated
with a quantum state in some quantum system. In this sense, all rank one orthogonal projections
in M, are called pure states. And positive semi-definite matrices are called mixed states.

For a matrix/operator A, the operator norm of A is defined as

[A[l = sup{[|Az[ : @ € HL [Jz]| <1}

where ||z|| = (z, z)'/2.

An operator A is called a contraction if || A|| < 1.

One of the most important information about operators/matrices are their spectra. Generally,
the spectrum o (A) of a linear operator A acting in some Hilbert space consists of all numbers
A € C such that A — \I is not invertible. Therefore, in the finite dimensional case the spectrum
o(A) of a matrix A is the set of eigenvalues of A, i.e., all numbers A such that Az = Az.
Eigenvalues s;(A) of the module | A| are called the singular values (also called s-numbers) of
A. For a matrix A € M, the notation s(A) = (s1(A), s2(A), ..., $,(A)) means that s,(A) >
So(A) > ... > sp(A).

Now let us recall some important norms which will be considered in this thesis.

The Ky Fan k-norm is the sum of all singular values, i.e.,
k
1Al =) si(A).
i=1
The Schatten p-norm is defined as
n 1/p
Al = (Z Sf(A)> :
i=1

When p = 2, we have the Frobenius norm or sometimes called the Hilbert-Schmidt norm :

n 1/2
1A]l2 = (T |A])!? = (Z S?(A)> :

J=1
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Let x = (21, ..., 2,) be an element of R”. Let = (zpy, ..., T},)) be the vector obtained by
rearranging the coordinates of x in the decreasing order (xy) > xjg > ... 2> T[y)).
Letz,y € R". If
Elexm < Zleym, k=1,2,...,n,

then we say x is weakly majorized by y and denote z <, y.
If in addition to x <, ¥, Elexm = Eley[i] holds, then we say that x is majorized by y and

denote = < y.
Example 1.0.1. If each a; > 0,7 _,a; = 1 then

1 1
(—,..., —) =< (ay,...,a,) < (1,0,...,0).

n n

We call a matrix non-negative if all its entries are non-negative real numbers. A non-negative

matrix is called doubly stochastic if all its row and column sums are one.

Definition 1.0.1. A norm ||| - ||| on M, is called unitarily invariant if
TAV[| = [I]All

for any matrix A € M, and for any unitary matrices U, V' € M.

It is well-known that every unitarily invariant norm is sub-multiplicative [16, p. 94]:
HABI < [I[A[ll - [lIB]Il forall A, B.
If the product AB is normal, then for every unitarily invariant norm, we have [16}, p. 253]
[AB||| < [[[BA][]-

Now let us recall the spectral theorem which is one of the most important tools in functional

analysis and matrix theory. In mathematics, particularly in linear algebra and functional analysis,
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the spectral theorem is a result about the diagonalizability of linear operators.

Theorem 1.0.1 (Spectral Decomposition). Let A\ > Ag... > A\, be eigenvalues of a Hermitian

matrix A. Then

k
A= NP, (1.0.2)
j=1

where P; is the orthogonal projection onto the subspace spanned by the eigenvectors associated

to the eigenvalue ;.

The formula ((1.0.2)) is called the spectral decomposition of A.
For a real-valued function f defined on some interval K and for a self-adjoint matrix A € M,

with spectrum in K, the matrix f(A) is defined by means of the functional calculus, i.e.,

k
A= Z NP = f(A) =) f(\)P (1.0.3)

In another words, if A = Udiag(\q, ..., \,)U* is a spectral decomposition of A (where U is

some unitary), then

F(A) == Udiag(f(\), -+ FO)T™. (10.4)
Let A be a Hermitian matrix with the spectral decomposition A = Zle A P;. Then its
positive part A, and negative part A_ are defined as follows:
Ay =) NP with X >0,
and
A_==) NP with ;<0

It implies

A=A, —A_

. Now we are at the stage to discuss about matrix/operator functions. Operator monotone func-

tions were first studied by Loewner in his seminal papers [66] in 1930. In the same decade,
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Krauss introduced operator convex functions [60]. Nowadays, the theory of such functions is
intensively studied and becomes an important topic in matrix theory because of their vast of

applications in matrix theory and quantum theory as well.

Definition 1.0.2. A continuous function f defined on an interval K (K C R) is said to be matrix

monotone of order n on K if for any Hermitian matrices A and B in M, with spectra in K,
A< B implies f(A) < f(B).
If f is matrix monotone of any orders then f is called operator monotone.

Definition 1.0.3. A continuous function f defined on an interval K (K C R) is said to be matrix
convex of order n on K if for any Hermitian matrices A and B in M, with spectra in K and for

all real numbers 0 < )\ < 1,
f(/\A +(1- /\)B) <Af(A)+ (1 =N f(B). (1.0.5)

If f is matrix convex of any orders then f is called operator convex. It is worth to mention
that if the eigenvalues of A and B are all in an interval K, then the eigenvalues of any convex

combination of A, B are also in K.

One of the very important examples of operator monotone functions and operator convex
functions is the function f(t) = ¢". Loewner [66] showed that this function is operator monotone

on R* if and only if the power r € [0, 1], i.e.,
0<A<B — A" <B"

The last inequality is well-known as Loewner-Heinz inequality. When r € [—1,0] U [1, 2] the
power function is operator convex, i.e., for any positive semi-definite matrices A, B and for any
A€ [0,1],

A+ (1=XN)B)" <AA"+(1-)\)B".
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Another important example is the function f(¢) = logt, which is operator monotone on
(0,00) and the function g(t) = tlogt is operator convex. These two functions appear in the
definition of quantum entropy of states in quantum information theory. For a density matrix A,

the quantum entropy of A is defined as

—Tr(Alog A).

In the formulation of the spectral theorem the function f only needs to be defined at eigenval-
ues of the matrix A and not necessary to be continuous. But in this thesis, we will consider only
continuous functions. In this case, the operator convexity (1.0.5)) of the function f is equivalent

to

; (A—gB) - f(A);f(B) (1.0.6)

Functions satisfying are called mid-point operator convex.

It is clear that the set of operator monotone functions and the set of operator convex functions
are both closed under positive linear combinations and also under pointwise limits. In other
words, if f, g are operator monotone, and if «, 8 are positive real numbers, then o f + Sg is
also operator monotone. If {f,,} are operator monotone, and if f,,(z) — f(x), then f is also
operator monotone. The same is true for operator convex functions.

Matrix monotone/convex functions are monotone/convex in the usual sense. The opposite is

not true. For example, the function #? is not operator monotone on R*. Indeed, let A, B € H,
(A+ B)? = A> + (AB + BA) + B

For any choice of A and B such that AB + BA has even one strictly negative eigenvalue, the
inequality (A + tB)? > A? will fail for all sufficiently small ¢. It is easy to find such A and B

in Ht. For example, take
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so that

AB+ BA =
10

The monotonicity and the concavity of functions in real analysis are different. However,
they are the same for operator case considered on the positive half-line [0, c0). A continuous
function f is operator monotone on [0, co) if and only if it is operator concave.

It is well-known that a continuous function f on the interval (0, «) is operator convex if
and only if the function g(t) = f(t)/t is operator monotone on (0, ). In finite dimensional
case we have the following tight relation between matrix monotone functions and matrix convex

functions on R

Theorem 1.0.2 ([53]])). Let [ be a strictly positive, continuous function on [0, 00). If f is mono-

_t_

0] is monotone of order n on |0, 00).

tone of order 2n, the function g(t) =

As a consequence, it follows from the above theorem that a such relation is still valid for
operator monotone functions and operator convex functions on R*.

The theory of operator monotone functions has been paid more attention after a series of
important papers on operator means and their applications. Motivated by a study of electrical
network connections, Anderson and Duffin [3]] introduced a binary operator A : B, called the

parallel addition for pairs of positive matrices as
A:B=(A"1"+B )"

The harmonic mean is 2(A : B) which is the dual of the arithmetic mean. In the same year, Pusz

and Woronowicz [79] considered a binary operation
AJjB — 141/2(1471/231471/2)1/2141/27

called the geometric mean of two positive definite matrices A and B. They showed that the
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geometric mean is the unique solution of the Riccati matrix equation
XA'X =B,

and hence, solved a problem how to define the geometric mean of two positive semi-definite
matrices.

In 1980, Ando and Kubo [61] developed an axiomatic theory of operator mean . A binary
operation o on the class of positive operators, (A, B) — Ao B, is called a connection if the

following requirements are fulfilled:

(i) A<Cand B< Dimply AcB < CoD.
(i) C*(AoB)C < (C*AC)o(C*BC).

(iii) A,, | Aand B,, | B imply A,,0B,, | AcB (where A,, | A means that the sequence A,,

converges strongly in norm to A).
A mean is a connection o satisfying the normalized condition:

(v) Iol =1.
An immediate consequence of (ii) is
(i) C(AoB)C = (CAC)o(CBC) for any invertible operator C'.

In particular, every connection is positively homogeneous, i.e.,
a(AoB) = (aA)o(aB) fora > 0.

The key result in the theory of Kubo and Ando is that operator means are in a 1-to-1 correspon-

dence with operator monotone functions on [0, o) and that correspondence is given by
AoB = AV f(AV2BATY)AY2 A B e H. (1.0.7)

The function f is called representing function of o.
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Note that in the matrix A should be invertible. But we can still define operator means
for positive semi-definite matrices as follows: For A, B > 0 and for an operator mean o, we can
define (A + el)o(B + ¢l) with ¢ > 0. Then, by the continuity of the representing function of
o, letting ¢ tend to zero from the right we get Ao B. Further, without any special mention we
always consider operator means for positive semi-definite matrices.

Notice that the Kubo-Ando theory was built based on the integral representation of operator
monotone functions. For matrix monotone functions there is no such representations. Therefore,
if we restrict our consideration on means with respect to the matrix algebra of a fixed order, some
questions become extremely difficult. Since in this thesis we do not consider questions on the
structure of classes of matrix means with respect to the dimension of matrix algebras, we always
assume that all means are operator means, i.e., with respect to infinite dimensional spaces. But
depending on contexts, we sometimes use the terminology “matrix means” instead of ~operator
means”.

In the rest of this chapter, we recall some important operator means which are considered in

this thesis. For A, B € H and ¢ € [0, 1] the t-geometric mean Af; B is defined by
AﬂtB _ A1/2<A71/ZBA71/2)tA1/2'

It is also well-known that on the Riemannian manifold H the ¢-geometric means (for 0 <
t < 1) together form the unique geodesic curve joining A and B in H. Tt is clear that the
t-geometric mean is associated with the monotone function f(z) = z* for ¢ € [0, 1].

A mean o is called symmetric or self-adjoint if AcB = Bo A for any A and B. In this case,

the representing function f of o satisfies the identity f(t) = tf(¢t™') (¢ € (0, 0)). In 1979, Ando
A+ B

[6] highlighted that any symmetric mean o lies between the arithmetic mean AV B = 5

and the harmonic mean A!B := (A7'VB™1)71 ie.,

<o <V.

25



Chapter 2

New types of operator convex functions

and related inequalities

Being the most fundamental concept in convex analysis and optimization theory, the con-
vexity of functions has been extensively studied in various contexts of pure and applied mathe-
matics.

In 1906, Jensen proved that if the function f is convex on some interval J C R, then for any

m points x1, Ta, ..., Ty, in J, we have

flxr) + flao) + ..+ f(am) S (x1 + 29+ ... +xm) |

m m

Jensen inequality is quite often used in proving many important inequalities and in deter-
mining the convexity of a function. In 1978, Breckner [19] introduced s-convex functions as a
generalization of convex functions. After that, in 1985, Godunova and Levin [36] introduced a
Godunova-Levin function or ()-class function and studied properties of this new type of func-
tions as well as their applications in convex functions. Follow up this research tendency of
functions, ten years later, in 1995, Dragomir et. al [28] gave a definition of P-function and
some results on this class of function are shown by Pearce-CEM-Rubinov [76] and Tseng-Yang-

Dragomir [82]. In 2007, Zhang and Wan [8/] introduced p-convex functions. At the same year,
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the concept of h-convexity with a super-multiplicative function h was defined by VaroSanec
[84]. For more information about applications of different types of convexity the author refers

the readers to [2, 137, 138, 168, (82, [88]].

Let us summary all mentioned above types of convexity in the following definition.

Definition 2.0.1. Let J be an interval in R such that [0,1] C J; p and s some positive real
numbers, and K (C R*) a p-convex set (i.e., [\a? + (1 — \)y?]"/? € K forall z,y € K and
A € [0,1]). A function h defined on J is called super-multiplicative if h(zxy) > h(x)h(y) for

any z and y in J. A function f : K — R™ is said to be:

— convex, if fOz+ (1= Ny) < Af(x)+ (1 =N f(y);
— s-convex, if FO + (1= Ny) < M)+ (1= A fy)]V
— Godunova-Levin, if fOz 4+ (1 =Ny) <A (@) + (1 =N f(y);
— P-convex (or the class P(K)), if Oz + (1= Ny) < f(z) + f(y);
— p-convex (or the class PC(K)),if  f ([)\xp “p) (1 =N f(y);
— h-convex, if fQAz+ (1= Ny) <h(N)f(z)+h(1 =) f(y),

forany x,y € K and A € (0, 1). If the inequalities are reversed, then we have the corresponding

types of concave functions.

We observe that in the above definitions of convexity each type depends on the means used in
the corresponding inequality. Therefore, if by changing scalar means we will obtain new classes
of convex functions. Now we define a more general type of convexity which is associated with

scalar means as follows.

Definition 2.0.2. Let M and N be two scalar means on R*. A non-negative, continuous function

f is called M N-convex on K if for any x,y € K,

f(M(z,y)) < N(f(z), f(y))- (2.0.1)
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This definition covers all types of convexity listed above.

One of the most useful means is the binormal mean, or the power mean

ﬂm:(“;WY”

which is an increasing function of p on (—oo,00). And it is well-known that for two positive

numbers a, b,

1 AN
Vab = exp (—(loga—l—logb)) = lim (a il ) :
2 p—0 2

In [15] Bhagwat and Subramanian firstly studied the matrix version of f(p). They showed

that for positive semi-definite matrices A, B,

i (AP—I—BP)I/Z’ (logA—i—logB)
lim [ ———— =exp | ——— ).

p—0t 2 2

The mean exp (% (log A + log B )) is called the log Euclidian mean which is quite different from
the geometric mean AfB = AY2(A~'/2BA~1/2)1/2A1/2 The matrix power mean is a Kubo-
Ando mean if and only if p = +1.

Bhagwat and Subramanian also showed that the matrix function f(p) is monotone with re-
spect to p, on the intervals (—oo, —1] and [1, c0) but not on (—1, 1). Recently, Audenaert and
Hiai [[12] obtained a more general result on the monotonicity of f(p) which will be used in this

chapter.

Theorem 2.0.1 ([12]). Let p,q € R. Then the matrix inequality

(Ap+Bp>1/P (Aq+Bq)1/q
2T < (T2
2 - 2

holds for any positive semi-definite matrices A, B if and only if p, q satisfy one of the following
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conditions: )

P=4q,
1<p<yq,
qg<p<-—1,
p<-—-lg=>1,

1/2<p<1<yg,

p<—l<g<-1/2.
\

Now let us consider the general approach of operator convexity. Here we present what is
arguably the simplest approach to these inequalities. This is accomplished by using matrix
analogues of two elementary ideas from classical convexity theory: the Jensen inequality, and

the construction of the perspective of a convex function.

Definition 2.0.3. Let X = (A;, Ay) with 0(A,),0(A;) C K. Let M, N be arbitrary operator
means (Kubo-Ando or non-Kubo-Ando means). A continuous function f is called operator

M N -convex on K if

f(M(Ay, Az)) < N (f(A1), f(A2)). (2.0.2)

In the case
A+ Ay

M(Ay, Ag) = N(Ay, Ay) = 5

if the function f satisfies inequality (2.0.2) then f is operator convex.

It is worth to remind that operator monotone functions and operator convex functions are
much popular and important because of their applications in matrix analysis, matrix theory, oper-
ator theory, and especially, in quantum information theory. People characterized those functions
by using several tools including matrix inequalities. One of the most famous characterizations

of operator convexity due to Hansen and Pedersen [42] by Jensen’s inequality.
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Theorem 2.0.2 ([42]). If f is a continuous, real-valued function on the half-open interval K =

[0, @) (v < 00), then the following conditions are equivalent:

(i) f is operator convex and f(0) < 0;

(ii) f(A*XA) < A*f(X)A for every contraction A and every Hermitian operator X with

spectrum in K;

(iii) f(A*XA+ B*YB) < A*f(X)A + B*f(Y)B for all operators A, B such that A*A +
B*B < I and for all Hermitian X,Y with spectra in K;

(iv) f(PXP) < Pf(X)P for any orthogonal projection P and any self-adjoint X with spec-

trum in K.

The inequality in (i) is known as Davis-Choi inequality. The inequality in (iii) is well-known
with the name Hansen-Pedersen inequality.

The main aim of this chapter is to define new classes of operator convex functions based on
Kubo-Ando theory of operator means even for any number of matrices [/7]. More precisely,
we use the family of the matrix power means to define new classes of so called operator (r, s)-
convex functions and operator (p, h)-convex functions. Studying their properties, we prove some
well-known inequalities for them. We also provide similar to the Hansen-Pedersen characteri-
zations for operator (p, h)-convex and operator (7, s)-convex functions.

Main results in this chapter are from the works [S1] and [48]].

2.1 Operator (p, h)-convex functions

The results of this section were announced in [51]].

In this section, recall that let p be some positive number, .J some interval in R containing the
interval [0, 1] (or J = [0, 1]), and K (C R*) a p-convex subset of R™ (i.e., [aa? + (1 — a)y?]'/? €
K forall z,y € K and « € [0, 1)).

In [29] a more general class of non-negative functions, so-called (p, h)-convex functions is

considered.
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Definition 2.1.1. ([29]) Let » : J — R™ be a non-zero super-multiplicative function. A non-

negative function f : K — R is said to be (p, h)-convex if

f (00" + (1= )]} < hla)f(@) + h(1 = a) f(y) (2.13)

forall z,y € K and @ € [0, 1].

This class contains several well-known classes of functions such as non-negative convex
functions, h-convex [84]], r-convex functions [22| 35], Godunova-Levin functions (or ()-class
functions) [36], P-class functions [28]]. Recently, M. S. Moslehian and others [[13} 30, 58, [70]
introduced operator P-class functions and operator ()-class functions. They studied properties
and proved several inequalities for these functions but characterization of such functions.

It is easy to check that the spectrum of the matrix [A? + (1 — «) BP]"/? belongs to K for
any two matrices A, B € H with spectra in . Now we define a new class of operator (p, h)-

convex functions as follows.

Definition 2.1.2. Let i : J — R™ be a non-zero super-multiplicative function. A non-negative
function f : K — R is said to be operator (p, h)-convex (or belongs to the class opgz(p, h, K))
if for any A, B € H; with spectra in K, and for « € [0, 1],

f([0A? + (1= )B7") < h(a) f(A) + h(1 = a) f(B). (2.1.4)

When p = 1, h(a) = «, we get the usual definition of operator convex functions on R™.

Remark 2.1.1. An operator (p, h)-convex function could be either operator monotone or op-
erator convex. However, there are many operator (p, h)-convex functions which are neither an
operator monotone function nor an operator convex function. Indeed, let p > 0, f(t) = t°
and h(a) = «. Then the function f is operator (p, h)-convex if and only if for any positive

semi-definite matrices A, B with spectra in K,

(@A + (1 —a)B)*? < aA*? + (1 —a)B*?.
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The last inequality means that the function g(t) = t*/? is operator convex which is equivalent to
the condition s/p € [1,2], or, s € [p, 2p).

Now let us consider the following particular cases.

(i) For s € [p,2p] N[0, 1], we have

f ([OKAP + (1 _ Oé)Bp]l/p> — [OéAp + (1 _ a)Bp]S/p
< a(AP)P 4 (1 —a)(B?)*P o1
= aA* 1 (1—a)B’

= h(a) f(A) + h(1 = a)f(B)
The first inequality follows from the operator convexity of the function g(t) = ¢*/? since

s/p € [1,2]. Therefore, the function f(¢) = ¢ is either operator monotone or operator

(p, h)-convex.

(ii) For s € [p,2p] N [1,2], the function #*/? is operator convex. By using similar arguments
as in (2.1.5), we also get
f([0A? + (1= a)B7)77) = [0A? + (1 = ) B]”
< a(AP)¥P 4 (1 — a)(BP)*/P
=aA’+ (1 —a)B*
= h(a)f(A) + h(1 —a)f(B).

Thus, the function ¢® is both operator (p, h)-convex and operator convex for s € [1, 2].

(iii) Unfortunately, in the case s € [p,2p] N (R \ [0,2]), the function f(t) = ¢° is operator

(p, h)-convex but neither operator convex nor operator monotone.
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2.1.1 Some properties of operator (p, h)-convex functions

The results of this subsection are taken from [51]].

In the following theorems we establish some properties of operator (p, h)-convex functions.

Theorem 2.1.1. Let opgz(p, h, K) be the class of operator (p, h)-convex functions. The follow-

ing claim holds:
(i) If f, g9 € opgx(p,h, K) and \ > 0, then f + g, \f € opgx(p, h, K);

(17) Let hy and hy be non-negative and non-zero super-multiplicative functions defined on an

interval J with hy < hy in [0,1]. If f € opgx(p, ha, K), then f € opgx(p, hy, K);

(1ii) Let f € opgx(pa, h, K) such that f is operator monotone function on K. If 1 < p; < po,
then f € opgx(p1, h, K).

Proof. (i) Let f, g € opgxz(p, h, K). Then for any self-adjoint matrices A, B with spectra in K

and for « € [0, 1] from the operator (p, h)-convexity of f and g,
£ (lodr + (1 = @)B7)'77) < h(a) f(A) + h(1 — a)f(B)

and
g ([oa + (1= @) B"7) < h(a)g(A) + h(1 - a)g(B).
Therefore,
(f +9) (loa” + (1= )B7177) = f (lad? + (1 = ) BY?) + g (lad? + (1 - @) B7])
< h(a)f(A) + h(1 — @) f(B) + h(a)g(A) + h(1 — a)g(B)
= h(@)(f +g)(A) + h(1 = ) (f + 9)(B).
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and

(A\f) ([aAp +(1- oz)Bp]l/p> = \f ([aAp (- Q)Bp]l/p>

< A[h(@)f(A) + h(1 — ) f(B)]
— h(@)(A)(A) +h(1 — )(Af)(B).

Thus, (f + g), \f € opgx(p, h, K).

(ii) Suppose that f € opgx(p, ha, K). Since ha(a) < hy(«) for any a € [0, 1], hence

7 (07 + (1= @)B7)7) < hal@) f(4) + ho(1 — @) f(B)

< hi(a)f(A) + hi(1 — a) f(B).

Thus, f € opgz(p, hi, K).

(i) Put g(p) = (AP + (1 — ) B?)"/. By Theorem

2.0.

1

| the function F'(p) = (

Ap + Bp)l/P

is monotone increasing on [1, +00). Then g(p;) < g(p2) for 1 < p; < ps. According to the

operator monotonicity of f, we have

Fg(pr)) < f(9(p2)) < h(a)f(A) + h(1 — ) f(B).

Thus, f € opgz(p1, h, K).

]

The following theorem is about properties of operator (p, h)-convex functions with condition

that sum of coefficients is smaller or equals to 1.

Theorem 2.1.2. Let K be an interval in R™ such that 0 € K.

(1) If f € opgx(p, h, K) such that f(0) = 0, then

7 ([0 + BB7) < h(a)f(A) + h(5) £ (B)

(2.1.6)

holds for arbitrary positive definite matrices A, B with spectrain K and all o, B > 0 such

that o + < 1;
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(ii) Let h be a non-negative function such that h(«) < 1/2 for some o € (0,1/2). If f is a
non-negative function satisfying (2.1.6) for all matrices A, B with spectra in K and all
a,B>0witha+ 8 <1, then f(0) = 0.

Proof. (i) Leta, 8 > 0,a+ =~ < 1, and let a and b be numbers such that a = L and b = é
Y Y
Then a + b = 1. Hence we have

f (laar + 8B777) = f (lay a7 + by
< ha)f ([vA7)"7) + h(b) f ([ B7)7)
= h(@)f ([rA? + (1 =9)0") +h®) f (VB + (1= 7)07)'")
ha)h()(A) + h(b)h(7)f(B)
< h(ay)f(A) + h(by)f(B)
ha) f(A) + h(B)f(B).

IN

The first and the second inequalities follows from the definition of f, the third inequality
follows from the super-multiplicativity of h.
(ii) Suppose that f(0) > 0, then f(O) = f(0)/. Substituting A = B = O into (2.1.6), we
get
FO) = f ([aOp + ﬁop]l/p) < h(a) f(0) + h(B)f(0)I. (2.1.7)

Let a = (3. Dividing both sides of (2.1.7) by f(0), we get a contradiction
2h(a) > 1 forall « € (0,1/2).

Thus, f(0) = 0.
O

Corollary 2.1.1. For s > 0, put hs(z) = z° (x > 0), and let 0 € K C R*. Forall [ €
opgx(p, hs, K), the inequality holds for all o, > 0 with « + 8 < 1 if and only if
f(0) =0.
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Proof. It is easy to check that hs(z) is super-multiplicative function.
If f € opgz(p, hs, K), by Theorem [2.1.2) we just need to consider the case o, > 0 with

a+pf <1
s

Put o + 8 = v < 1, and let a and b be positive numbers such that a = @ and b = 2. Then
g v
a-+b=1and,

f(laa?+8B77) = f (layaA? + b5
< n@)f (A7) + n) f (v B7)
= a'f (') g ()
< a7 f(4) +a*(1 = 9)°f(0) + b F(B) + (1 = 7)°f(0)
= @y f(A) + b7 f(B)
= o f(4) + 1 (B).
Substituting A = B = O,a = = 1/k (k € N,k > 2) into , and then let £ tend to the

infinite, we get f(0) < 0. Since f(0) > 0 by the definition of operator (p, h)-convex functions,
hence f(0) = 0. O

2.1.2 Jensen type inequality and its applications

This subsection is taken from [51]].
Recall that the weighted Jensen inequality for a convex continuous function f on an interval
Kis

/ <Z >\i$i> < Z Aif ()

for any set of positive numbers z; in K and \; € [0,1] such that Y} | \; = 1.

In this subsection we prove a matrix Jensen inequality for operator (p, h)-convex functions.

Theorem 2.1.3. Let h be a non-negative super-multiplicative function on J and f € opgx(p, h, K).

Then for any set of k self-adjoint matrices A; with spectra in K and any non-negative numbers
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a;(i =1--- k) satisfying Zle a; =1,

< Zh(%‘)f(f‘li)' (2.1.8)

Proof. We will prove the theorem by induction on k.

When k£ = 2, inequality reduces to (2.1.4)).

Assume that holds for any (k — 1) self-adjoint matrices (k > 3) with spectra in K.
We need to prove for any k self-adjoint matrices with spectra in K.

1/p Mk—1 1/p

= D] Al + AL

L:=1

I k—1
Q;
= f (1 — O./k) (Z 1— akAf) + OzkAﬁ

=1

k
f [Z a; A?
i=1

1/p

k-1 1/p

< h(1—oy)f [Z %iakAf + h(aw) f(Ax)

i=1

<1 =) Son (12 ) 140 + hlan)f (A

11—«
i=1 k
k

<D hlen) f(A).

=1

The first and the second inequalities follow from the inductive assumption while the third one
follows from the super-multiplicativity of the function A.

Thus, (2.1.8)) holds for any natural number k. O]

Remark 2.1.2. As a consequence of Theorem [2.1.3] we obtain the Jensen inequality for some

well-known functions classes.

e For h(a) = a and p = 1, inequality (2.1.8) reduces to the well-known Jensen inequality
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for operator convex functions:
k k
/ (Z Oéz'Ai) < Z a; f(A),
=1 i=1

for oy € [0,1] and 3°F | o = 1.

1
e For h(a) = — and p = 1 we get the Jensen inequality for operator ()-class functions:
o)

/ <Z OéiAi) < Z f(ojli)7

=1
for oy € (0,1) and 325 | oy = 1.

e For h(a) = 1, p = 1 we get the Jensen inequality for operator P-class functions:

/ (Z OéiAi) < Z f(A),

for oy € [0,1] and Y | o = 1.

As an application of the Jensen type inequality (2.1.8)) we prove a matrix inequality for index
set functions.
Let E be a finite nonempty set of positive integers and a set of positive semi-definite matrices

A; (i € E). Define an index set function F with respect to £ and A;;cx as follows:

1/p

=D h(w) f(4), (2.1.9)

F(E) = h(Wg)f [WLE S w Al

i€E
where Wy = >, w;, w; > 0. The function F satisfies the triangle inequality in the following

sense.

Theorem 2.1.4. Let h : Rt — R* be a super-multiplicative function, f : K — R an operator

(p, h)-convex. Let M and E be finite non-empty sets of positive integers such that M N E = ().
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Then for any w; > 0 (i € M U E), and for any positive semi-definite matrices A; (i € M U E)

with spectra in K,

F(MUE) < F(M)+ F(E). (2.1.10)

Proof. By the definition of the function F,

1/p

— > h(w)f(A).

1EMUE

1
”MUE . ‘
iEMUE

On account of the operator (p, h)-convexity of f and the super-multiplicativity of h, we get

1/p

h(Waroe) f [ ! Z w; A}

= h(Waop) f [ X ZWMAf+ d ZWEAé’
€
1/p
(2.1.11)

1/p

< h(WMuE)h( W )f [ o A7

Wuue

+h(WMUE)h( We )f [ Wi qp

1/p

+ h(Wg) f [WLE > w Al

el

< W(Wa)f [Wi S wiAr

M eM

Subtracting from both sides of (2.1.11) by > .,z h(w;) f(A;) and using the identity
D h(wi) f(A) =D h(wi) f(Ai) + Y hlw) f(A),
i€MUE ieM i€E

we obtain (2.1.10). L]
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2.1.3 Characterizations of operator (p, h)-convex functions

The results of this subsection are taken from [51]].

Recall the convex inequality for an operator convex function f on K,
flaA+(1—-a)B) <af(A)+ (1 —a)f(B), (2.1.12)

where A, B are self-adjoint matrices with spectrain K and 0 < « < 1. If we replace numbers o
and (1 — «) in the convex combination «A + (1 — «) B by matrices, we still have the following

convex inequality for operator convex function [46, Theorem 4.22]:
f(CAC*+ DBD*) < Cf(A)C*+ Df(B)D*, (2.1.13)

whenever Hermitian matrices C, D with spectra in K and C'C* + DD* = [. This inequality is
known as the Hansen-Pedersen inequality.
In the following theorem we prove a Hansen-Pedersen type inequality for operator (p, h)-

convex functions.

Theorem 2.1.5. Let h : J — R™ be a super-multiplicative function, f : K — R™ an operator

(p, h)-convex function. Then for any pair of self-adjoint matrices A, B with spectra in K and

for matrices C, D such that CC* + DD* = 1,
f ([CAPC* + DBPD*]YP) < 2h(1/2) (Cf(A)C* + Df(B)D*). (2.1.14)

Proof. From the condition CC* + DD* = [, it implies that we can find a unitary block matrix

¢ D
XY
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where the entries X and Y are chosen properly. Then

c X
Ur = ,
D* Y
and
AP O o CAPC* + DBPD* (CAPX* + DBPY™
O Br XAPC* +YBPD* XAPX* +Y BPY™
—I O
ForV = , we have
O 1
1 Ay A 1 |An A A @]
1y 11 12 v - 11 12| 11
Ay Ag Ay Ag O Ay
o Ay A AP O
Identifying =U U, we get
Ay Ag O Br
1 AP O 1._|A? O
Z ==VU Uv+=-U U
2 O B 2 o pr
CAPC* + DBPD* O
@] XAPX* + Y BPY™

It implies Zy, = CAPC* + DBPD* and f(Z11") = f([CAPC* + DBPD*|\/P).

On account of the (p, h)-operator convexity of f, we get
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1/p

1 AP O 1. [AP O

f(zvy=f1| |zvU UV + =U U*
2 O Br 2 lo pr
1/p 1/p
1 AP O 1 AP O
<h(=)VUf UV+h(=|Uf U*
2 O bBr 2 O B

1 (1 A O 1 A O
=on(=)[=vuy UV +=Uf U
2)\2 0 B 2

O B
. (1) Cf(A)C* + Df(B)D* 0
9, XAX* +YBY*
1 1
where SVUU'V 4 SUU* = 1.

Therefore,

F(Zi{") = f([CAPC* + DBPD*]'/7)

< 2h (%) [CF(A)C* + DF(B)D").

Tikhonov [81] showed a characterization of operator convex functions by changing roles of

numbers and matrices in the Jensen inequality (2.1.12).

Lemma 2.1.1 ([81]). For a function f : K — R, the following conditions are equivalent:

(i) f is matrix convex;

(ii) for any natural number k, for any family of positive operators {A;}¥_, in a finite-

dimensional Hilbert space H, such that Zle A; = Iy, and arbitrary numbers v; € K, the

following inequality holds,

f (Z xz‘Ai> < Zf(%)Az

1=1
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In the following theorem, we obtain several equivalent conditions for a function to become
operator (p, h)-convex including Tikhonov’s characterization. The proof of the following theo-

rem is adapted from [42] and [81].

Theorem 2.1.6. Let [ be a non-negative function on the interval K such that f(0) = 0,
and h a non-negative and non-zero super-multiplicative function on J satisfying 2h(1/2) <

a 'h(a) (a € (0,1)). Then the following statements are equivalent:
(i) f is an operator (p, h)-convex function;

(ii) for any contraction V (||V|| < 1) and self-adjoint matrix A with spectrum in K,

f([V-APVIVP) < 20(1/2)V* F(A)V;

(iii) for any orthogonal projection () and any self-adjoint matrix A with o(A) C K,
F(1QAPQI"7) < 21(1/2)Qf(A)Q;

(iv) for any natural number k, for any families of positive operators { A;}5_, in a finite dimen-
sional Hilbert space H satisfying Z?:l o; A; = Iy (the identity operator in H) and for

arbitrary numbers v; € K,

1/p

k
<> h(a) f(xi) A (2.1.15)
=1

k
f [Z Oéi-flffAi
i=1

Proof. Every orthogonal projection with norm of 1 is a contraction. Therefore, the implication
(ii) = (iii) is obvious.

Let us prove the implication (i) = (ii). Suppose that f € opgz(p, h, K). Then by Theorem
for any matrices C', D € M, such that CC* + DD* = I we have

f ([CAPC* + DBPD*M/?) < 2h(1/2) (Cf(A)C* + Df(B)D").
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Since ||V|| < 1, we can choose W such that VV* + WW* = I. If we choose B = O, then
we get that f(B) = f(O) = O. Therefore,

f([V*APVIYP) = f(V*APV + W*BPW)'P)
< 2n(1/2) (VT F(A)V + W f(B)W)
< 2n(1/2)(V*f(A)V).

(iii) = (i). Let A and B be self-adjoint matrices with spectra in K and 0 < o < 1. Define

o [A o]ﬂ:[ Jal MJ]A): [I o}
0 B JI=al  val 0 0

Then C' = C* with o(C') C K, U is a unitary and ) is an orthogonal projection. Furthermore,

U*CPU =

aAP + (1 — a)BP —Va—o?A? +a — a?BP
Vo T @A AT aEB (1—a)A? B

is a self-adjoint matrix. Since

aA? + (1—a)B? O

QU*CPUQ = [
0 0

and ||[UQ)|| < 1, we get

/ ([aAP—I— (1— a)Bp]l/p) O] _ s ((QU*OpUQ)l/p>

O O
< 20(1/2)QU" F(C)UQ
o [af(A) +(1—a)f(B) 0] |
O O
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According to the property of h, the last inequality implies
7 ([0A? + (1= a)B7)Y7) < 2h(1/2) [af (4) + (1 — @) f(B)
< h(a)f(A) + (1 — a) f(B).

(iv) = (i). Let X,Y be two arbitrary self-adjoint operators on H with spectra in K, and
€ (0,1). Let

X=Y NP, Y=Y w0
i=1 Jj=1

be the spectral decompositions of X and Y. Then it follows that

aZR-I—(l—a)ZQj = Iy,
i=1 Jj=1

where [y is the identity operator on H. On account of (2.1.15]),

1/p

f([aXp—l—(l )YP”?): [ZO&)\I)P—FZ (1—a)u :
SZh(a) P—i—Zhl—Ot (1)@,

Zf )P, + h(1 — ) Zfﬂj Q;,
= h(a) f(X) + k(1 —a) f(Y).

(i) = (iv). By applying the proof of Lemma [2.1.1] (ii), by Naimark’s theorem [71]], there
exists a Hilbert space ‘H containing H and a family of mutually orthogonal projections F; in H

such that Zle P, = Iy and o;A; = PP,P|g(i = 1,2,..., k), where P is the projection from
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onto H. Then we have

k 1/p r k 1/p
i=1 Li=1
r k 11/p
—fl|P (Z foi) Plu :
L 1=1 i
1 k 11/p
p
<2n(5)Pf Zx P | Pl

I

[\

>
DN | —

N | —

I
DO
=

Il
[\
>
e N N N

DN | —

< Z (i) f(2:) A

]

Remark 2.1.3. Here we give an example for the function ~ which is different from the identify
function and satisfies the conditions in Theorem It is easy to check that for the function

h(z) = 23 — 2% + x and for any x,y € [0, 1],

h(zy) — h(x)h(y) = zy(x + y)(1 —z)(1 —y) > 0.

Therefore, h is super-multiplicative on [0, 1]. At the same time, the function h(z)/z = z?—z+1

attains minimum at x = 1/2, and hence 2h(1/2) < h(x)/x for any x € (0, 1).

In the following corollary we obtain a relation between operator (p, h)-convex functions and

operator monotone functions on R*.
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Corollary 2.1.2. Let f be operator (1, h)-convex function on R such that f(0) = 0. Then for

any positive definite matrices A < B,
AT f(A) < 20(1/2) BT f(B).
In the case when 2h(1/2) < 1, the function t~ f(t) is operator monotone on (0, c), and

hence the function f(t) is operator convex.

Proof. Let 0 < A < B. Then we can find C such that A'/?> = CB'/?, and hence A = CBC".
Therefore,
ATl f(A) = BTVPCT f(CBC)(CH) T BT
< 2n(1/2)B~Y2C-tCf(B)CH(C*) B2

= 2h(1/2)B f(B).

In the case when 2A(1/2) < 1, from the above inequality we get

AT (A) < BTH(B),

that means, the function ¢! f (t) is operator monotone, and as a consequence of that, the function

f(t) is operator convex by [42]. O

Remark 2.1.4. It is easy to check that the function h(z) = (23 —x?+x)/2 is super-multiplicative
and satisfies the conditions in Theorem [2.1.6/and Corollary 2.1.2]

In next section, let r, s be positive numbers. We define a new class of operator (7, s)-convex
functions with respect to the matrix power mean, and study their properties. We also provide a

series of equivalent conditions for a function to be operator (r, s)-convex.
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2.2 Operator (r, s)-convex functions

The results of this section are taken from [48]].

Let r, s be positive numbers. For X = (A;, A;) of Hermitian matrices with spectra in K and
a function f. We denote f(X) = (f(A1), f(Az)). For a pair of positive numbers W = (wy, ws).
We set W5 := w; + w, and define the weighted matrix r-power mean MUI(X, W) by

1/r

1
MU(X W) = W(wlAq + wy AD)

Definition 2.2.1. Let K be a r-convex subset of RT. A continuous function f : K — (0,00) is

said to be operator (r, s)-convex if
FOMINX W) < ME(F(X), W) (2:2.16)

If the inequality (2.2.16) is reversed, f is operator (r, s)-concave.

Remark 2.2.1. The reader may notice a similarity between this notion with the notion of (p, h)-
convex functions introduced in the previous section. However there should be no confusion as
h is a non-constant function (being a super-multiplicative function).

Motivated by two specific cases of operator (p, h)-convexity and operator (7, s)-convexity,
we intend to consider a general definition for this type of operator convexity as follows: Let
p, q be positive real numbers, h be super-multiplicative non-negative real valued function. A

function f is called operator (p, h, q)-convex if
7 (1047 + (1 = a)BY7) < [h(0) F(A)" + h(1 — ) F(B)]". a € [0.1]

If ¢ = 1 then we get the class of operator (p, h, 1)-convex or called operator (p, h)-convex,
and if h = id is identity function, we get the class of operator (p, id, q)-convex functions, or
called as operator (r, s)-convex functions. In the future, we intend to continue to investigate this

general class of operator functions for some different cases.
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Notice that the class of operator convex functions is very important in matrix analysis and
quantum information theory. The class of operator log-convex functions was studied by Hiai

and Ando [11] and got fully characterized as operator decreasing functions.

Based on the results in theorem of Hiai and Audenaert [[12], one can describe all power
functions which are operator (r, s)-convex on R*. Indeed, let r and s be two positive numbers,
as . as . .
f(z) = 2% (a« € R). For s > 1 and — € [1, 2], the function ¢ is operator convex, and ¢/* is
r

operator monotone. Then,

1/s
S [W(WIA?S + WQASS):|

= (fbrsta sensa)

S, W)

Thus, f is an operator (7, s)-convex function.

For simplicity, we write f(A)® instead of {f(A)}".

If the function ¢'/* is operator convex, by using the similar arguments we can see that f is
operator (r, s)-convex.

Another example of operator (7, s)-convex functions are given by F. Hiai as follows: For
s,7 > 0 and for a function f : [0, 00) — R, we denote f,,(x) = [f(x'/")]*. Then, by replacing
A", B" with A, B, the inequality is rewritten as

1/5 l/s
[fs,r(A;B” <{fs”"(’4);f“(3> . 2.2.17)

Therefore, for s > 1, a sufficient condition for (2.2.17) to hold is that f;, is operator convex.
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For example, if f.,.(z) = zlogz, then f(z) = r/*(2"logx)'/*. Hence (2.2.17) holds for
f(z) = (z"logz)'/* with » > 0 and s > 1. On the other hand, if 0 < s < 1, then the operator
convexity of f; , is a necessary condition for to hold. Also, for any s > 0, the numerical
convexity of f,, is a necessary condition.

In this section, we study some basic properties of operator (r, s)-convex functions. We
also prove the Jensen, Hansen-Pedersen and Rado type inequalities for them. Some equivalent
conditions for a function f to be operator (r, s)-convex are also provided.

We also obtain some properties of operator (, s)-convex functions in the following proposi-

tions.

Proposition 2.2.1. Let f be a continuous function on K and 1 < s < s'. The following

assertions hold.
(i) If [ is operator (v, s)-convex then f is also operator (r, s')-convex;
(ii) If f is operator (r, s')-concave then f is also operator (r, s)-concave.

Proof. Let f be operator (r, s)-convex and s < s’. Then the function /%" is operator concave.

We have

Thus, f is also operator (7, s’)-convex. The second property can be proved similarly. [
Proposition 2.2.2. Let f, g be continuous on K and r,s > 0.
(i) If f is operator (r, s)-convex and o > 0, then so is o f,
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(ii) If f, g are operator (r, s)-convex and s € [1/2,1], then (f + g) is r-convex.

Proof. (i) trivially follows from the definition of f. We provide a proof of (ii). Let f,g be

operator (7, s)-convex functions and s € [1/2, 1]. Then the function !/* is operator convex.

(f +g) (MP(X, W) = f(MIIX, W) + g (

er ﬂr
f(—ﬁh+WA4
f

[7] (X7 W))

M
v+gg%£+%%rj

< ([t s szsea)) ([otar + Stota])
g%ﬁm)+ 2 ) + gl A) + g )

(f+9)(A1) + —(f+9)(A2)

The first inequality follows from the definition of f, the second one follows from the operator

convexity of t'/%. Thus, (f + g) is operator r-convex. O

Remark 2.2.2. If s does not belong to [1/2, 1], the function (f + ¢) may not be operator -
convex even f and g are operator (7, s)-convex. Indeed, for s = 2 the function ¢/2 is operator
concave. It is easy to see that f(z) = 23 and g(z) = 6 are operator (r, s)-convex. At the

same time, we have

s ([ gl = (G gl oo ([ ] )
:{%%+%%ﬁ%(%ﬁ+%%f6
w

W1 2r/3 2r/3 5r/6 5r/6
> —A] A, A A,
> AT AT e AT A

= (S 9)(AL) + (] + 9)(A)

Therefore, (f + g) is operator r-concave.
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2.2.1 Jensen and Rado type inequalities

The results of this section are taken from [48]].

In the following theorem we prove a Jensen type inequality for operator (r, s)-convexity. Let
X = (Ay, ..., A,,) be Hermitian matrices with spectra in K and W = (wy, ..., wy,) be positive
numbers. Set W,,, = w; + ... + w,,. The weighted matrix r-power mean M (X, W) is defined
by

m 1/r
1
MI(xX, W) = (W—ZW‘?) :
mo=1

Theorem 2.2.1. Let r, s be arbitrary positive numbers such that s > 1, and m be a natural

number. If f is operator (r, s)-convex then
FOMEN(X, W) < MEI(F(X), W), (2.2.18)
where X = (Aq, ..., Ap) and W, = wy + ... + Wi,

When f is operator (r, s)-concave, the inequality is reversed.

Proof. We prove the theorem by mathematical induction.
With m = 2, the inequality holds by the Definition 2.2.1] Suppose that (2.2.18)) holds for
(m—1),1ie.,

FOMEL (X, W) < MEL (£(X), W),

We prove (2.2.18)) for m. We have

r m 1/r
1
FMPX W) = f | |5 D widdi
Wm =1
B m—1 1/r
= Wi Wi AT+ w_mA:n
Wm —1 Wm—l Wm
_— 1/r\ * 1/s
Wm—l Wi Wm
AT 2 F(A)*
- Wm f [121 Wmfl ‘ Wmf( )




m—1 1/s
Wm_l Wj s Wm S
= ( W Ll Wm_lf(A’) +Wmf(Am) )
m 1/s
- [Z (A
= MY (F(X), W)

The last inequality follows from the inductive assumption and the operator monotonicity of the

function z'/5. O

Now, for a; (i = 1,...,m) to be positive number, a = (ay, as, ..., a,,). Let us denote the

arithmetic mean Ay (a) and the geometric mean G (a) as follows:

k
1
Ag(a) = z Zai, Gi(a) = {ajas...ay,
i=1

where £ € {1,2,...,m}. Let f be convex function. The Rado inequality is known in the

literature as follows:

Z?;l f(%)

m—1

- f(Am(xz))} > (m—1) [ - f(Am—1<xi))]

Also, we proves a Rado type inequality for operator (7, s)-convex functions.

Theorem 2.2.2. Let r and s be two positive numbers and f a continuous function on K. For

meN X = (Ay,...., A,) and W = (w1, ...,wy,), we denote
= Wiy, <M,[§ LX), W) = f (MU[x, W])s> . (2.2.19)

Then, the following assertions hold:
(i) If f is operator (v, s)-convex then {a,, }5°_, is an increasing monotone sequence;

(ii) If f is operator (r, s)-concave then {a,, }>°_, is a decreasing monotone sequence.
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Proof. We have

r m 1/r\ ¢
1
fME X, W) = f W—Z%A?
L™ =1
m— 1/r\ $
_f Wm_1 . Wi AT—}- m Ar
B Wm —1 Wm—l ' Wm "

Consequently,

Wi (MENCX, W) < o f(A) + W £ (MEL (X))

Therefore,

< Zm: £ (M (X, W) >
= D_wif (AT = Wi f (MI(X, W)
> 3 A — o () — W f (ML x )

= YWl (A)" = W 1f< L(X W)>
|

MEL, (W) = f (MEL 6 W) ] =
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2.2.2 Some equivalent conditions to operator (r, s)-convexity

The results of this section are taken from [48]].
We replace the numbers 3 and 72 in the combination A7 + 72 A5 by matrices. We get

the following result.

Theorem 2.2.3. Let [ : K — R™ be an operator (r, s)-convex function. Then for any pair of

positive definite A, B with spectra in K and for matrices C, D such that CC* + DD* = I,
f((CA™C* + DB"D*)Y") < (C'f(A)*C* + Df(B)*D*)". (2.2.20)

Proof. Proving similarly as in Theorem [2.1.5] we also find a unitary block matrix

C D
U .=
X Y
and define the matrix
CA™C* + DB"D* O
O XA X*+YB"Y*
. A A A" O -1 O
is diagonal, where =U UfandV = .
Ay Ay O B O I

It implies Zy, = CA"C* + DB"D* and f(Z1{") = f((CATC* + DB"D*)!r).
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On account of the (7, s)-operator convexity of f, we have

1/r
1/r 1 A" O * 1 A" O *
fzmy=f | sv UV + U U
2 O B’ 2 O B
1/r7] 8 B 1/r] % %
1 A" O 1 A" O
<|zf||lvu UtV +=fllu U
2 O B’ 2 O B’
1 1 A O ’
— | zvuy UV + -Uf U
2 O B 2 O B
Cf(A)C* + Df(B)*D* o) :
0 XfAPX* + Y f(ByY*|

1 1
where §VUU*V + §UU* = ] . Therefore,

f(Zi{") = f(cAaCc* + DB DY)
< [Cf(A)C" + DF(B) D).
]

In the following theorem, we obtain several equivalent conditions for a function to be oper-

ator (7, s)-convex.

Theorem 2.2.4. Let [ be a non-negative function on the interval K such that f(0) = 0. Then

the following statements are equivalent:
(i) f is an operator (r, s)-convex function;

(ii) for any contraction V (||V'|| < 1) and for any positive semi-definite matrix A with spec-

trum in K,

FVAATVIMT) < (VA V)Y
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(iii) for any orthogonal projection ) and for any positive semi-definite matrix A with o(A) C
K,
£ QA Q") < (QF(AyQ)Y*;

(iv) for any natural number k and for any families of positive operators {A;}¥_, in a finite
dimensional Hilbert space H such that Zle a; A; = Iy (the identity operator in H) and

for arbitrary numbers x; € K,

1/r k 1/s
< (Z aimm) . @221

i=1

k
f [Z Oéﬂ;Ai
i=1

Proof. Let us prove the implication (i) = (ii).

Suppose that f is an operator (r, s)-convex function. Then by Theorem we have

whenever CC* + DD* = [. Since ||V|| < 1, we can choose W such that VV* + WIW* = [.
Choosing B = O, we have that f(B) = f(O) = f(0)O = O. Hence,

< VAV + W F(B) W]

= [V f(Arv]

The implication (ii) = (iii) is obvious.

(iii) = (i). Let A and B be self-adjoint matrices with spectra in K and 0 < A < 1. Define

A O M V1= I O
C .= U:= VA Q =

o B|’ V= URV,V N O 0O
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Then C' = C* with o(C') C K, and U is a unitary, () is an orthogonal projection and

- M 4 (1= \)B VA RAT /A= )\QBT]

—VA— XA+ VA= XB" (1= A\)A" + AB"

is Hermitian. Since

QUC"UQ =
@) @)

M 4 (1= B 0]

and ||[UP|| < 1, hence

; A"+ (1= \NB" O
0 0

1/r
) _ f((QU*C«rUQ)l/r)

< [QU*f(C)UQ]*

_ (A + (1= Nf(B)T O
O O

Therefore, f (AA" + (1 — )\)Br)l/r < AfA)P+ (1 - /\)f(B)S]l/s-

(iv) = (i). Let X,Y be two arbitrary self-adjoint operators on H with spectra in K, and
a€ (0,1). Let X =37, \iPrand Y = 7, 11;Q; be the spectral decompositions of X and

Y, respectively. Then we have

i=1 Jj=1

On account of (2.2.21]), we have

n n 1/r
f(loa + 1 —a)B) = f ([O‘ZMPZ* (1 —a)ZMSQj] )
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s 1/s

n 1/r n 1/r
af <ZA) P+ (1—-a)f (Z%) Q;

Jj=1

S

IN

n n 1/s
= [aﬂz MNP+ (1 —a)f(> ujczjf]
i=1 j=1
< [af(4)" + (1= a)f(B)]".
(i) = (iv). Naimark’s theorem [71]] states that there exitsts a Hilbert space H containing H
and a family of mutually orthogonal projections F; in ‘H such that Zle P, = I and o A; =

PP,PH (1 = 1,2,--- ,k), where P is the projection from H onto H and I3 is the identity

operator in H. Then,

k 1/r r ok 1/r
f [Z ;i A =f foPPiPHHI
i=1 Li=1
- k 1/r
=f||P) «pPH
i=1

1/r\ $ 1/s

P|H

IN

Pf

k
,
E x, P
i=1

1/s

] . .
— |Pf <ZmP> P|H
—— .
= P(Zf(%)ﬂ) P|H
. k = 1/s
= ZPf(x»SBHH)
Z; 1/s
= (Z f(xi)SPPiPlﬂ)

=1

k 1/s
= (Z Oéif(ﬂfi)sAi) .

1/s
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Chapter 3

Matrix inequalities and the in-sphere
property

The classical Cauchy inequality for m non-negative numbers a1, - - - , a,, is stated as follows:

ay +ag+ -+ ap,
m

> ai1ag - Q-

There are many reverse versions of the above inequality. One of the well-known reverse

Cauchy inequalities is the following one:

a4+ as 4 -+ am 1
1+ as < ey an + — > a—ayl. (3.0.1)

m .
1<i,j<m

Besides, for a,b > 0 and 0 < s < 1, the Young inequality is as follows:

b—la—05
sa—l—(l—S)bZCstl_sZa+ 2|a |
At the same time, it is obvious that,
b —-b b —-b
min{a, b} = a; — o 5 | < a'™*b* = a;b, or ath_ atsb < o 5 |, (3.0.2)
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where af,b := a'/?(a="/?ba=/?)*a'/? is the s-power mean of a and b. The following inequality
for the Heinz mean is an immediate consequence of (3.0.2)
a+b 1 la — b

; 5(aSbHJFaI*SbS)g 5 (3.0.3)

Recall that the arithmetic-geometric means inequality has a refinement given by

spl—s 1—-sp,s
\/%Sab +a "% <a+b

< (3.0.4)

forall s € [0, 1].

asbl—s + al—sbs
2
and radius being equal to half of

Inequalities (3.0.2) and (3.0.3) geometrically mean that the curve afi;b and

a+b

(s € [0,1]) are contained inside the circle with center at
the distance between a and b. In other words, the power mean and the Heinz mean satisfy the
in-sphere property with respect to the Euclidean distance.

In this chapter, we investigate matrix versions of (3.0.2) and (3.0.3)). More precisely, in the
first section of the chapter we consider generalized reverse Cauchy inequalities for two positive
definite matrices A and B and show that generalized reverse Cauchy inequalities hold under the
condition AB + BA > 0. Moreover, we also show that the generalized reverse Cauchy inequal-
ity and the generalized Powers-Stgrmer inequality holds with respect to the unitarily invariant
norms under the same condition. In the second section we prove some reverse inequalities of
the matrix Heinz means with respect to unitarily invariant norms. And the last section dedicates

the in-sphere property for matrix means.
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3.1 Generalized reverse arithmetic-geometric mean inequal-
ities

The results of this section are taken from [50].

Young inequalities for two positive matrices are important in estimating some quantum quan-
tities, such as the quantum Chernoff bound [39] and the Tsallis relative entropy [33]. More
precisely, the following trace inequality for the exponential positive semi-definite matrices (also
called the generalized Powers-Stgrmer inequality) was studied by Audenaert et al. [10]: for
0<rv<il,

Tr(A+ B —|A—B|) <2Tr(A"B"™").

Noting that f(¢) = t¥(0 < v < 1) is operator monotone, Trung Hoa Dinh, Minh Toan Ho and

Hiroyuki Osaka formulated a more general inequality and showed in [S3]] that

N

Tr(A+ B —|A— B|) < 2Te(f(A)2g(B)f(A)?)

holds for any operator monotone function f on [0,00) with f((0,00)) and g(t) = +5 (t €

7®
(0,00)), 9(0) = 0.

Furuichi [32], however, showed that the trace inequality

A

[NIES
~—

N

1
5 TH(A+ B —|A-B|) < Tr(A2(A 2BA?) (3.1.5)
is not true in general.
1
Whenm = 2 and v = 5 a natural matrix form of the reverse arithmetic-geometric mean
inequality (3.0.1]) for two positive definite matrices A and B could be written as

A+B<

A-B
B aartpahiat A8

2

1

where AfB = Az(A~2BA 2)2 Az is the geometric mean of A, B.
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In general, the last inequality has the following form

A+ B A-B
JQF _Ao,B < - 3 (3.1.6)

where Ao;B = Az f (A*%BA*%)A% is the operator mean corresponding to the function f in
the sense of Kubo and Ando [61]]. We call inequality (3.1.6) the generalized reverse arithmetic-
geometric mean (AGM) inequality. Such inequalities were studied by many authors. For ex-
ample, Fujii-Nakamura-Pecari¢-Seo [31] showed that for a symmetric operator mean with the

representing function f and matrices 0 < kI < A, B < M1 (where k < M),

KV M
AVB — Ao;B < M 1)1
v 7= (lmM )

The main results in this section are as follows.

Theorem 3.1.1. Let f be a strictly positive operator monotone function on |0, co) with f((0, 00))

(0,00) and f(1) = 1. Then for any positive semi-definite matrices A and B with AB+ BA > 0,
A+B—|A— B| <2A0B. (3.1.7)

Proof. Let A € H. Since f is continuous, we may assume that A is invertible. Let P =

(A— B), and Q = (A — B)_ are the positive and negative parts of A — B, respectively. Then
A-B=(A-B),—(A-B) = P-Q,

and

|[A—B|=(A-B);+(A-B)_=P+Q.

From the assumption,

A+B—(P+Q)=(A+B)?*—|A—-B]*?=2(AB+ BA) > 0.
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Consequently,

(A+ B)*>|A- B

Since the function ¢'/? is operator monotone, therefore
(A+ B2 > (|A-B)'? =|A~-B|.

On other hand, A — B =P — Q and |A — B| = P + (), then

A-P+B-Q _A+B-|A-B

A-P=B-Q=
@ 2 2

Moreover,

A—P=B—Q < B (since @ >0)

Hence,

A 2(A— P)A 2 < A 2BA 2.
Consequently, by the operator monotonicity of the function f and the last inequality we have

1

F(AT2(A= P)A™2) < f(A"2BA™3).
By the monotonicity of oy, A — P < Aand A — P < A— P,
(A—P)os(A—P) < Aos(A—P).

Then

;A+B—M—BD:A—P
— (A= Plog(A—P)
S AO’f(A — P)

S AO’fB.
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The following example shows that the condition AB + BA > 0 is necessary.

Example 3.1.1. Let f(t) = tz. Then o is the geometric mean. For the following matrices

10 1 V3
B V3

0 3 V3 3

with the help of Matlab, we have

1.1463 0.7174
0.7174 —0.0253

2A3(A":BAT2)2A* — (A+ B—|A-B|) =
This shows that the matrix inequality (3.1.7) is not generally true. Notice that in this case

det(AB + BA) = —2 < 0, which means that AB + BA is not positive semi-definite.

Recall that an operator monotone function f is called symmetric if f(t) = tf(t71). Itis well

known [61]] that a symmetric positive operator monotone function f with f(1) = 1 satisfies

1+1

2t
— < f(t) £ —.
1+t_f()_ 2

Then, for A, B > 0 and for a symmetric operator monotone function f,

—1/2 1 A-1/2
f(Afl/ZBAfl/Q) < I+ A 12BA-1/ .

2
Consequently,
A1/2f<A71/QBA71/2>A1/2 < A1/2] + A—1/2BA—1/2A1/2
or
A+ B
AO’fB S ; .
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Even if f is not symmetric, we have the following proposition, which was kindly pointed out to

us by Jun Ichi Fujii.

Proposition 3.1.1. Let [ be a strictly positive operator monotone function on (0,00) with

f((0,00)) C (0,00) and f(1) = 1. Then for any positive semi-definite matrices A and B
2Ac;B < A+ B+ |A—-B].

Proof. We use the arguments similar to those in the proof of Theorem [3.1.1}

Let A—B=P—(Q,where P = (A— B), and Q = (A— B)_ are the positive and negative
parts of A — B, respectively.

By the monotonicity of oy, A< A+ Qand A—P+Q <A+ Qthen Aop(A—P+Q) <
(A+ Q)os(A+ Q). Therefore,

AoiB=Acs(A—P+Q)

<(A+Q)op(A-P+Q)

<(A+Q)or(A+Q)

= (A+QEf(A+Q) T A+ Q)A+Q) ) (A+Q):
= (A+ Q) f(I)(A+ Q)

—A+Q

_A+B+P+Q
N 2
_A+B |A-B
2 2

NI

=
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3.2 Reverse inequalities for the matrix Heinz means

The results of this section are taken from [52]].

Recall that the reverse arithmetic-geometric mean inequalities (3.0.2) and (3.0.3) have matrix

versions for positive definite matrices with any unitarily invariant norm ||| - ||| as follows [16]:
sR1-s 1-s Ds
[l < 1=l < 1511
- 2 - 2

From (3.1.7), the following reverse inequality for the matrix Heinz mean holds: for any
A, B € H} such that AB+ BA > 0and s € [0, 1],

A+ B
2

Af,B + A B

1
~5l4-B| <
2 2

(3.2.8)

For positive definite matrices A and B, another matrix version of Heinz mean is defined as
AﬂsB + Aul—sB
2
2.1] that for any operator mean ¢ and for any A, B € P,,,

. However, without the condition AB+ BA > 0, it was shown in [47), Theorem

A+ B
2

1
— AoB < JAVII — ATEBATIZ[ AN, (3.2.9)

The aim of the next subsections is to present new general reverse inequalities with (3.2.9)
for unitarily invariant norms. As a consequence, we obtain a new reverse inequality for Heinz

means.

3.2.1 Reverse arithmetic-Heinz-geometric mean inequalities with unitar-

ily invariant norms
The results of this subsection are taken from [52].
Recall that a norm ||| - ||| on M, is unitarily invariant if |||[UAV ||| = ||| A||| for any unitary

matrices U, V and any A € M],. Ky Fan Dominance Theorem [16] asserts that given A, B € M,,,

s(A) <., s(B) if and only if |||A]|| < |||B]|| for all unitarily invariant norms ||| - |||, where s(A)
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denotes the vector of singular values of A.

An immediate consequence [47, Theorem 2.1] is as follows.

Lemma 3.2.1. ([47, Theorem 2.1]) Let o and T be arbitrary operator means and ||| - ||| be any

unitarily invariant norm on M.,. Then for any A, B € H,

H‘A+B

- 1A1/2|[ . A—l/QBA—1/2’A1/2
2 2

| < Illas Bl

and

H‘A+B

1 1
— — 5 AV - A‘l/QBA‘1/2|A1/2‘ H < 5lll40B + A7 Bl

When o is the Heinz mean, for any s € |0, 1] we have

A+B 1 AfsB + At B
)H TE L — A 2paR A1 ‘ < H( b5 + Al H‘ (3.2.10)
2 2 2
If s > 1, is reversed.
It is also natural to consider the following matrix inequality
1
AVB < A*?B'75 4% 4 5Al/2|1 — ATYV2BAY2 4V (3.2.11)

where s € [0, 1]. The following example shows that the last matrix inequality does not hold for

s = 1/2. Indeed, for the following positive definite matrices

0.699 1.1455 . 0.9249 0.7064
1.1455 4.9308 | 0.7064 0.5928
the matrix
A1/4Bl/2A1/4 + 1A1/2|] . A—I/QBA—1/2|A1/2 . A+ B
2 2

has eigenvalues 1.2956 and —0.0234. Therefore, the inequality (3.2.T1) is not true. However, the
A+B 1
eigenvalues of A4 BY/2A4 are 0.1531 and 2.1184, and the eigenvalues of b §A1/2|I -
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ATY2BA=Y2| AY2 are 0.9665 and 0.0327. That means,

A+B lAl/zu _ATV2BA2 A2 4 AVARH2 AV
2 2 v
or
H’A + B . 1A1/2|I o A71/23A71/2’A1/2 ‘ < ‘HAI/ZLBl/ZAl/éL‘ ’ ’ (3212)
2 2 -
At the same time, from Lemma [3.2.1) one also can ask whether the following inequality is
true

)HA+B

sRl—s s Al—s
: ‘SH‘AB + B%A

1
. §A1/2|I . A—I/QBA—1/2|A1/2 :

‘. (3.2.13)

In the following theorem we prove more general inequalities of (3.2.12)) for operator mono-

tone functions. As a consequence, we will give a proof of (3.2.13).

Theorem 3.2.1. Let ||| - ||| be an arbitrary unitarily invariant norm on M,,. Let f be an operator
monotone function on [0, co) with f((0,00)) C (0,00) and f(0) = 0, and g a function on [0, c0)

such that g(t) = % (t € (0,00)) and g(0) = 0. Then for any A, B € P,,,

H‘A‘;‘B _ %Al/Qu _ A71/23A71/2‘A1/2

< ||| e )2

< |||rcgm)||| (32.15)

‘ (3.2.14)

Proof. Let us prove the first inequality. Suppose that A < B. Then,
A+ B— AV — A7Y2BAY2|AY? = 2A.
Since g is operator monotone, we have f(A)~'/2Af(A)~Y/2? = g(A) < g(B). Hence,

F(A)2g(A) F(A)2 < f(A)29(B) f(A)2,
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or

A< f(A)2g(B) f(A)2,

Therefore,

Al < ||| 74 72g(B) ()

Next, we consider the general case. For the operator I — A™Y/2BAY2 let P = (I —
AV2BAY2), and Q = (I — A-V2BAV?)_

Then,
[—AYV2BAV2=P—(Q
and
I — A"V2BA™V2 =P+ Q.
Consequently,
A—B= A1/2PA1/2 . A1/2QA1/2
and

A1/2|I . Afl/ZBAfl/Q‘A1/2 _ A1/2PA1/2 + Al/QQA1/2.

It is obvious that A — AY2PAY? € Hf. Since A — AV2PAY? = B — AV2QAY? < B, we get
A— A1/2PA1/2 < f(A . A1/2PA1/2)1/2g<B)f(A . A1/2PA1/2)1/2.
Thus,

H‘A_Al/szl/Qm < )Hf(A—A1/2PA1/2)1/2g(B)f(A—Al/QPAl/Q)l/Q‘H.
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Notice that

mf(A _ A1/2PA1/2)1/29(B)f(A _ A1/2PA1/2)1/2

=||f(A— Al/QPAUQ)1/2g(B)1/2g(B)1/2f(A _ A1/2PA1/2)1/2 ‘
< ||g(B)Y2f(A — AV2PAY?)g(B)>? ’
< |||lo) 2 r(ang ()|
< ||| rcarzgemyreay 2]
Therefore,
45 5 a1 sy = ofa— 4|

< 2||| s 2By pa)

|

The second inequality immediately follows from the Hiai-Ando log-majorization theorem

which states that H]Al/?BAl/?( H < |I|AB]]. 0

Corollary 3.2.1. Let A, B € P,, and s € |0, 1]. Then,

‘HAJrB
2

’ < ’HA1/2B1/2

1
_ 5141/2’_, _ A—l/QBA—1/2|A1/2‘

Now let us give another version of reverse inequality for the Heinz mean.

Corollary 3.2.2. Let A, B € H and s € |0, 1]. Then we have

A+B 1 1
H) ; — AL — AT BA Y 412 ’ < 5(HASBI—S 4 Al B ’ (3.2.16)
Proof. Since A, B are positive definite matrices, the function f(s) = [||A°*B'~* + A'=*Bs|||

is continuous convex on [0, 1], and twice differentiable on (0, 1) and f'(1/2) = 0 (see [16, p.
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265]). Hence, f(s) attains a minimum on [0, 1] at s = 1/2. That means,
[[A°B'* + A=Be[[| > 2||AY2BY2]], s € [0,1].

On account of Corollary [3.2.1 we get the desired inequality (3.2.16).
[

Corollary 3.2.3. For any A, B € H} such that AB + BA > 0 and s € [0,1], we get the
following inequalities

I14+ B —[A - B||| < 2||AY*B"2] (3.2.17)

and

I|A+ B —|A - B|||| <2|||A°B' + A" B|||. (3.2.18)

Proof. Inequality (3.2.17) follows from Theorem We can prove (3.2.18)) by using similar
arguments as in the proof of Corollary 0

Remark 3.2.1. For any A, B € P, and s € |0, 1] by the Araki-Lieb-Thirring inequality
Tr(AY?|I — A7YV2BA™Y2|AY%) > Tr(|A — BY).

It follows from the Powers-Stgrmer inequality that

A+ B 1
Ty ( > ) 5 T(AV|T = ATPBATYAAYE) < Ta( AR AR) = Ta(4°BT).

3.2.2 Reverse inequalities for the matrix Heinz mean with Hilbert-Schmidt

norm
The results of this subsection are taken from [52]
It is obvious that for any positive numbers a and b,
(a+b)? — |a® — b?| < (a*b** + a'5b%)2. (3.2.19)
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In this section, based on (3.2.19) and (3.0.2) we obtain some reverse inequalities for matrix

Heinz mean with Hilbert-Schmidt norms.

Theorem 3.2.2. For any A, B € H} and X € M, then
|AX + XB||5 — ||AX — XB||5 < ||A*X B¢ + A" S X B*|[5. (3.2.20)

Proof. Since positive semi-definite matrices are unitarily diagonalizable, hence there are unitary

matrices U, Vsuch that A = UDU* and B = V EV™*, where
D = diag(A\, -+, ), E=diag(y1, -, V)
If we put Z = U*XV = [z;;], then

AX+XB = U((M+7j)z;)V7,
AX —XB = U((\ —7))z;)V7,

AXBY™ 4+ AYSXBY = U((AAY7 4+ M50z, V™.

It is obvious that

(a+b)* < (a—b)*+ (a*b' 5 + a'*b%)2.

Therefore,

IAX + XBI|3 = D (Ai+7)%lz)
ij=1

< > =)+ X ATz

ij=1

= [|JAX — XB|]2 +||A*XB'"™* + A" X B*||2.
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3.3 The in-sphere property for operator means

The results of this section are taken from [52]].

Let 0 < a < b. Then for any x in [a, b], we have
z—a<b-—a.
We call this in-betweenness property . Notice that any mean of numbers has in-betweenness

property. At the same time, we also have

a+b_x<b—a.
2 - 2

(3.3.21)

In other words, any x between a and b lies inside the circle with the center at the arithmetic

a+b
mean

and the radius equals to half of the distance between a and b. It is worth to mention
that the Powers-Stgrmer inequality is one of matrix generalizations of (3.3.21].

In [9]], Audenaert introduced a geometric alternative to monotonicity of weighted means the
”in-betweenness” property. A matrix mean M (A, B,t) (¢t € [0, 1]) such that M (A, B,1) = A
and M (A, B,0) = B is said to satisfy the “in-betweenness” property with respect to a metric 0
on H if the assignment ¢ — (A, M (A, B, t)) defines a monotonically decreasing real function.
He proved the monotone property for some families of non-Kubo-Ando means. Of particular
importance for [9] are the weighted brethren of Bhagwat and Subramanian’s power or binomial
means [[15]],

My(A, B, t) = (tA? + (1 — ) B")'/? peR.

It is worth noting that in the particular cases of p = +1, M, (A, B, t) is a mean in the sense
of Kubo-Ando. In spite of this, the power means with p > 1 have many important applications,
e.g., in mathematical physics and in the theory of operator spaces, where they form the basis of
certain generalizations of [, norms to non-commutative vector-valued L, spaces [21]. Audenaert
also conjectured that the “in-betweenness” property may hold for p > 2.

In [49] Trung Hoa Dinh, Raluca Dumitru and Jose Franco provided an alternate proof of the
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fact that the weighted power means M, (A, B,t) = (tAP + (1 — t)BP)Y/P(1 < p < 2) satisfy
Audenaert’s “in-betweenness” property for positive semi-definite matrices. They also show that
the ”’in-betweenness” property holds with respect to any unitarily invariant norm for p = 1/2
and with respect to the Euclidean metric for p = 1/4. For Kubo-Ando means they show that the
only Kubo-Ando symmetric mean satisfying the “in-betweenness” property with respect to any
metric induced by a unitarily invariant norm is the arithmetic mean.

In this section we will study in-sphere property for operator means. Firstly, recall that from

(3.2.9), for any operator mean o and for any A, B € H} with AB + BA > 0,

H’AJrB

1
. —AOB‘H < 5llA- Bl (3.3.22)

The last inequality means that whatever operator mean o we take, the point Ac B can not run

out of the sphere with center at

b and the radius equals to %H]A — BJ||. This is one of
matrix versions of in-sphere property of matrix means. However, if we fix some operator mean
o which is different from the arithmetic mean, then we can find a couple of matrices A, B so
that Ao B runs away from the circle mentioned above.

In the next theorem, we provide a new characterization of the matrix arithmetic mean by the
inequality (3.1.6).

Theorem 3.3.1. Let o be an arbitrary symmetric mean. If for any arbitrary unitarily invariant

norm ||| - ||| on M,

)“A+B

1
- —AJBH‘ < 5llA- Bl (3.3.23)

whenever A, B € P, then o is the arithmetic mean.

Proof. By [61, Theorem 4.4], the symmetric operator mean o has the representation:

AoB = %(A+B) +/ AT A B4 A (AB)}u(Y), A BEP, (3324)

(000) A

where A > 0 and p is a positive measure on (0, co) with a+ ((0, 00)) = 1. For two orthogonal

projections P, () acting on a Hilbert space H, P A () denotes the orthogonal projection on the
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subspace P(H) N Q(H). By [61, Theorem 3.7], we have

()\P):Q:P:()\Q):)\LHP/\Q.

Consequently, if P A @, then from (3.3.24) we get
(07
PoQ = (P +Q). (3.3.25)

For 6 > 0 let us consider the following orthogonal projections

1 0 cos’f  cosfsind

00 cos@sinf sin® 6

It is easy to see that P A Q = 0. And then, for these projections on account of (3.3.25)), the

inequality (3.3.23)) becomes
(1= a)ll[P+ QI < [[[P = Qlll,

or

(1= a)[l[P + Q|| < sinb[|[H]]], (3.3.26)

sinf  —cos# ) o i
where H = . Since it is true for all # > 0, letting « tend to 0" from

—cosf) —sinf
(3.3.26) we obtain 1 — o < 0. Thus, @« > 1. This shows that ;4 = 0 and o is the arithmetic

mean. 0

In the rest of the thesis we are going to show that if we replace the Kubo-Ando means by the
power mean M,(A, B, t) = (tA? + (1 — t)BP)"/? with p € [1, 2] then the inequality in Theorem
[3.3.1] holds without the condition AB + BA > 0. In other words, the matrix power means

M, (A, B, t) satisfies in-sphere property with respect to the Hilbert-Schmidt 2-norm.

76



Theorem 3.3.2. Letp € [1,2],t € [0, 1] and M,(A, B,t) = (tAP + (1 — t) B?)'/P. Then for any

pair of positive semi-definite matrices A and B,

(3.3.27)

HA+B_MP(

<3}
— 2
Proof. The following proof is based on the fact that for p € [1, 2] the function z'/? is operator

concave and the function 2%/? is operator convex.

Since ||A||» = (Tr(A?))/2, the inequality (3.3.27) is equivalent to the following

1/2
(P2 - aamop)| g ma- s
Tr ([A ! B apa, B,t)]2> < iTr([A _ B
Tr (@) — Tr[(A+ B)M,(A, B, t)] + Tr (M2(A, B,1)) < i [Tr([A + BJ?) — ATe(AB)]

Tr(M}(A, B, t)) — Tr((A+ B)M,(A, B,t)) < — Tr(AB).
(3.3.28)

It is obvious that inequality (3.3.28) holds for ¢ = 0 or ¢ = 1. We have to show that the set
of t satisfying is convex subset in [0, 1], and then it coincides with [0, 1]. Let s, t belong
to [0, 1] satisfying (3.3.28). We now show that is true for (¢ + s)/2.

Note that

/
M, (A,B, ;3)

t ' 1/p
(i)

1/p
(% [tAP + (1 —t)BP] + %[SAP +(1- S)Bp]>

1 1 r
(§M5(A, B.t) + 5 M(A, B. s)) .
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Since p € (1,2) the function z'/? is operator concave, then we have

t+s 1 1 1/p
M, <A,B, 5 > = (§M5(A,B,t) +§M£(A,B,S))
1 1
> §MP<A7 B>t) + §MP<A7 B: S)'

Consequently, for the positive matrix A + B,

t+ S)) LT ((A+ B)My(A, B, ) + (A + B)M,(A, B, s)).

Tr ((A + B)M, (A,B, 5 > §Tr
(3.3.29)

In the other hand, for p € [1, 2] the function 2/ is operator convex, then we have

t+s 1 1 2/p
M? (A,B, . ) — {5 P(A, B,t) + EM;’(A,B,s)}

1 1
<3 2(A,B,t) + 5Mj(A, B,s).

(3.3.30)

From (3.3.29)) and (3.3.30)) we obtain

Tr (M; (A,B,t;rs)) Ty ((A—I—B)Mp (A,B,t;3)>

< % Tr (M2(A, B, 1) + %Tr(M]f(A, B.s)) - % Tr (A + B)M, (A, B, 1))
— %Tr ((A+ B)M,(A,B,s))
< —Tr(AB).

Therefore, inequality (3.3.27) holds for (s + t)/2.
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Conclusion

The thesis obtains the following results.

1. Define new class of operator (p, h)-convex functions and obtain properties for them. This

is a new class of operator function, generalizing many classes of known operator functions.

2. Provide a type of Jensen inequality for operator (p, h)-convex function, generalizing for

many types of Jensen inequality for known classes of operator convex functions

3. Provide a Hansen-Pedersen type inequality for operator(p, h)-convex functions, prove an

inequality for index set functions for this class of function.

4. Define a class of operator (r,s)-convex function and study some properties for them.
This is also a new class of operator convex functions, generalizing the class of operator

r-convex functions.
5. Prove the Jensen and Rado type inequalities for operator (r, s)-convex functions.

6. Provide some equivalent conditions for a function to be operator (p, h)-convex and (7, s)-

convex, respectively.

7. Prove a generalized reverse arithmetic-geometric mean inequality involving Kubo-Ando

means.

8. Prove some reverse norm inequalities for the matrix Heinz mean.
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9. Obtain a new characterization of the arithmetic mean by a matrix inequality with respect

to the unitarily norm.

10. Obtain the “in-sphere property” for matrix means with respect to unitary invariant norm
and Hilbert Schmidt norm. At the same time, we also show that the matrix power mean

satisfies the in-sphere property with respect to the Hilbert-Schmidt norm.
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Future investigation.

In the near future, we intend to continue investigation in the following direction:

1. Continue to characterize new classes of operator convexity with some well-known matrix

means.

2. Let p, q be positive numbers, h be super-multiplicative non-negative real valued function.

A function f is called operator (p, h, ¢)-convex if
7 (laA? + (1= @) B7Y?) < [B() () + h(1 = o) f(B)1)"

If ¢ = 1 then we get the class of operator (p, h, 1)-convex or called operator (p, h)-convex,
and if h = id is identity function, we get the class of operator (p, id, ¢)-convex functions,
or called as operator (r, s)-convex functions. In the future, we intend to continue to inves-

tigate this general class of operator functions for some different cases.

3. In-sphere property of the matrix mean: We believe that the matrix power mean satisfies
in-sphere property with respect to the p-Schatten norm a larger range of p and for any

unitarily invariant norm.

4. Define new classes of quantum entropy in relation with new types of operator convex
functions. It would be meaningful to study their properties and applications in quantum

information theory.
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Al R3] p-convex set,
AVB,
23 adjoint, [16]
B,
AGM,[[3]

Ao fB . @ @
A: B,23 binormal mean, 28]
At B, binormial/power mean, 28]
Ay, :

+29 canonical trace,
A_, .

20 connection, [4} [24]
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Do (A B),[g
F(p), density matrix, [I§]
Gila), geometric mean, []
MY (x, W),
M,(A, B, 1), harmonic mean, 23]

p sy 29 U)s
P Heinz mean,[12]
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operator (p, h)-convex,
operator (7, s)-convex,
operator P-class functions, 38|
operator (-class functions, @
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Renyi divergence, [6]

Riccati matrix equation, [} 24]

Riemannian distance function, [§]

scalar mean, 3]

Schatten p-norm, [18]
singular values, [I§]

Spectral Decomposition, [20]
spectral theorem, [2]
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sub-multiplicative, [T9]
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