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L.oi cam doan

Luan an nay dudc hoan thanh tai Truong Pai hoc Quy Nhon, duéi sy huéng
dan cua PGS. TS. Phan Hoang Chon va PGS. TS. Nguyén Sum. Toi xin cam doan day
la cong trinh nghién ctu cda t6i. Cac két qua trong luan 4n 1a trung thuc, dudc dong
tac gia 1 thay huéng dan cia toi cho phép st dung khi dua vao luin 4n va chua tling
dudgc ai cong bb trudc do.

TAP THE HUGNG DAN KHOA HOC Tic gia

PGS. TS. Phan Hoang Chen PGS. TS. Nguyén Sum Pham Bich Nhu



L.oi cam on

Lun an nay dudc thyc hién va hoan thanh tai Truong Pai hoc Quy Nhon du6i su
tan tinh huéng dan va gitp d6 ctia PGS. TS. Phan Hoang Chon, PGS. TS. Nguyén
Sum va rat nhiéu ngudi khac. Nhan dip ndy t6i xin gt 10i tri 4n dén tAt ca nhiing
nguoi da giap do toi.

Dau tién, toi xin gui 1i cdm on chan thanh dén PGS. TS. Phan Hoang Chon, ngudi
thay, ngudi anh va 12 ngudi ban dong hanh ludn dong vién toi trong sudt qua trinh hoc
tap nghién cu sinh. Mic di rat ban ron nhung thay da rat kién tri giang day, huéng
dan cho toi nhiing kién thiic co ban nhét vé Topo dai s6 mdi tun trong sudt 2 nim.
Néu khong c6 thay toi khong thé cé quyét tam dé theo dudi viée hoc tap ning cao
trinh do.

Téi xin bay to 15i tri an sau sic d6i véi PGS. TS. Nguyén Sum, thiy da giang day,
huéng dan va cho toi nhiéu y kién déng gép quy bau vé chuyén mon ciing nhu dinh
huéng nghién ctiu. Thay 13 ngudi nghiém tic trong hoc thuat nhung lai rat gan gii,
gian di trong cudc sdng va 1a nhan duyén dé tdi trd thanh nghién citu sinh ctia Truong
bai hoc Quy Nhon.

Loi cdm on chan thanh gti dén PGS. TS. Lé Cong Trinh, thay di ludn dong vién
va huéng din céc thi tuc can thiét dé toi c6 thé hoan thanh chuong trinh hoc.

Xin gti 16i cAm on chan thanh dén Ban Giam hiéu Truong Pai hoc Quy Nhon,
Phong Dao tao Sau dai hoc va quy Thay, C6 ctia Khoa Toan di tin tinh gitp dd va tao
moi diéu kién thuin 16i d€ toi c6 thé hoan thanh tét viéc hoc tip tai trudng.

Xin cdm on Ban lanh dao Trudng Pai hoc Can Tho, Khoa Khoa hoc Tu nhién, quy
thay c6 & B mon Toan da chia sé cong viéc, dong vién va gidp dd tdi rat nhiéu dé toi
c6 thé thuin 1¢i hoan thanh viéc hoc tip nang cao trinh d6. Cam on chi Duong Thi

Tuyén da luon thiu hiéu va cho em nhiing 15i khuyén chan thanh.
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Xin cam on cac anh, chi, em cung hoc nghién cttu sinh tai Truong Pai hoc Quy
Nhon, dic biét 1a hai c6 em géi dé thuong TS. Du Thi Hoa Binh va TS. Luu Thi Hiép,
da ludn sit canh dong vién, gidp dd rat nhiéu cho tdi ngay tif nhitng ngay du ra Quy
Nhon hoc tap d€ tdi vudt qua dudc nhiing khé khin va c¢é thém dong luc hoan thanh
t6t nhét chuong trinh nghién cttu sinh ctia minh.

Loi cubi cling, t6i mubén cdm on dén dai gia dinh clia t6i da ludn chia sé, dong
vién toi trong lic kho khin, dic biét téi mudn bay té 1ong biét on sau sac nhit dén me
t6i, ngudi da sinh ra toi, subt doi hy sinh cho chi em tdi. Cam on me di chim séc cac
chau dé con yén tdm hoc tap. Cam on chong di ludn ting ho quyét dinh ctia em. Cam

on hai con da cho me thém dong luc dé€ me khong ngiing cb gang.

Binh Dinh, 2021

Tac gia,

Pham Bich Nhu
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Mo dau

Céc ham tir dong diéu va dbi dong diéu ki di 13 cdc cong cu dudc st dung dé
nghién ctiu bai todn phan loai ki€u dong luan cla cic khong gian topd. Tuy nhién
cdc cong cu nay chua di manh dé gidi quyét bai todn quan trong niy. Vao nim 1947

Steenrod [61]] xay dung cic todn ti d6i dong diéu nhu sau v6i mbi s6 nguyén i > 0
Sq' - H"(X,Fa) — H"™(X,TFy),

trong d6 X 1a khong gian topd, F 1a trudng c6 2 phan tir 12 0, 1 va H*(X,Fy) 1a d6i
dong diéu ctia X trén truong Fy. Todn ti Sq¢’ goi 1a todn ti Steenrod bac i hay binh
phuong Steenrod béc .

Toan tif ndy tdc dong mot cach tu nhién trén ddi dong diéu clia X vdi hé sd trén
FFo. Dén nim 1952, 6ng [60] d3 m& rong két qua nay cho trudng hop p 1a sd nguyén td

1. Cu thé v6i mbi s6 nguyén khong am 4, dng da xay dung mot todn ti
P': HY(X,F,) — H™P-Vi(X F,),

va P! dugc goi 1a Ity thira Steenrod.

Tt d6 céc toan ti dbi dong diéu nay trd thanh cong cu quan trong dudgc st dung dé
nghién ctiu bai toan phan loai kiéu dong luan. Cac toan ti niy 1a cic todn tif doi dong
diéu 6n dinh. Pai s6 sinh bdi céc toan tif Steenrod Sq’,i > 0 (trudng hop p = 2); cac
liiy thira Steenrod P v6i 4 > 1 va toan ti Bockstein 3 (trudng hop p > 2) dugc goi la
dai s6 Steenrod, ky hiéu .«7.

Sau cong trinh cta Steenrod, ciu triic ctia dai sd Steenrod da dudc Adem [3],
Cartan [68]], Serre [[73] va Milnor [47] nghién cttu mot cach sau s&c.

Mot vin dé quan trong trong nghién ctiu bai todn phan loai kiéu dong luan ctia
cac khong gian topd 12 xdc dinh nhém dong luan, dic biét 1a nhém dong luan 6n dinh
cia mit cau. Trong [1] Adams di xdy dung mot diy phd, sau nay dudc goi la day

pho Adams, hoi tu vé thanh phan p-xodn cia nhom dong luan 6n dinh clia mét cau
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72 (SY). Trang F, ctia diy phd Adams chinh 1a dbi dong diéu cla dai sb Steenrod, ky
hiéu Ext™*(F,, F,) . K& tir khi cong trinh d6 ra ddi viéc xdc dinh doi dong diéu cta
dai s& Steenrod tré thanh mdt dé tai hap dan, thu hit nhiéu nha todn hoc quan tAm
va nghién ctu. T nhitng nidm 60 cta thé ky trudc cac nha todn hoc di c6 nhiéu cong
trinh nghién ctiu vé Ext™*
(L], Wang [65]], May [46], Tangora [64], Lin [39], Lin-Mahowald [40], Bruner [10]

va nhiéu cong trinh khic. Tuy nhién day 12 mot bai toan rit khé. Cho dén nay bai todn

(F,, F,) v6i p = 2, tiéu bi€u c6 cédc cong trinh ctia Adams

x4c dinh dbi dong diéu cta dai s6 Steenrod van con md, dic biét 1a trong trudng hop
plé.

C6 nhiéu cong cu va nhiéu phuong phép tiép can dé nghién citu déi dong diéu
ctia dai s6 Steenrod nhu dai sd vi phan phan bic Lambda (xem Bousfield [6], Chen
[11]], Lin [39], Singer [56], Wang [63]), ddy phé May (xem May [44], [43]], Tangora
[64], Chon-Ha [14, [13]), gidi thic tdi tiéu (xem Bruner [9]]) va cic cong cu bat bién
modular. Dién hinh cho cong cu bat bién modular 12 dong ciu chuyén dai sb ducc
Singer [57] xay dung nim 1989 (goi 14 dong cAu chuyén Singer) va dong ciu dudc
Lannes-Zarati xdy dung ndm 1987 trong [72]] (goi 12 dong chu Lannes-Zarati).

Ngay tir khi ra doi dong ciu chuyén Singer ciing nhu dong cau Lannes-Zarati da
thu hiit dugc nhiéu su quan tim nghién ctiu ctia nhiéu nha todn hoc trén thé gidi.

Dong ciu Lannes-Zarati modulo p, ky hiéu Y, dugc dinh nghia lan dau tién béi
Lannes-Zarati [72] nhu sau v6i </-mddun khong 6n dinh M tiy y va véi mdi sd
nguyén s > 0

oM Ext® (M, F,) — Ann((2,M)%);,

& day v6i «/-mddun N bét ky, ky hiéu N# 1a dbi ngiu ctia N va Ann(N#) 1a khong
gian con ctia N7 bao gom tat ca cdc phan tif triét tiéu bdi tdc dong cla cac phan ti
bac duong cua <7 va Z;M la xdy dung Singer .

Hon nita dong ciu Lannes-Zarati modulo p dugc xem nhu 12 mot phan bac lién
két ctia 4nh xa Hurewicz H : 79(X) = 7, (QX) — H,(QX) trén trang E, cla diy
phS Adams hoi tu dén thanh phan p-xodn cta 72 (X), & day QX := lim, Q"¥"X
la khong gian vong lap vd han (xem Lannes-Zarati [71], Lannes [70] cho trudng hop
p = 2 va Kuhn [38] cho truong hgp p 1a s6 nguyén td 18). Do d6, viéc nghién ciiu
déng diéu ctia dong ciu Lannes-Zarati modulo p con c6 lién quan mat thiét véi viéc

mo ta anh cia anh xa Hurewicz.



Véi p = 2, Lannes va Zarati [72] da chi ra rang gpIEQ 12 mot dang ciu va gpIQF? la
mot toan cau. Sau d6, Hung va cic cong su [27], [32]], [34] 1am sang to cac két qua,
02 v6i 3 < s < 5 1a tam thudng tai tAt ca cdc phan ti ¢6 gdc duong. Nhiing két
qua nay c6 quan hé mat thiét véi cac gia thuyét cia Curtis [22] cho trusng hop p = 2
va Wellington [66] cho trudng hop p 18 vé cac 16p cau. Cac két qua cia Adams [1]]
va Browder [8] khang dinh ring chi c6 nhitng phan tif bit bién Hopf bing mot va
nhitng phan ti bat bién Kervaire bang mot trong 7°S° (néu ton tai) dudc phat hién
twong ting bdi cac chu trinh vinh citu trong Ext™*(Fy, Fy) va Ext?*(IFy, Fy) qua dnh
xa Hurewicz. Thém vao do, v6i M = H*RP®vaM = H *RP", Hung va Tuan [34]
da chiing minh dugc ring ¢} 1a mot ding chu, ¢}/ 1a khong tim thudng va oM bi
triét tiéu tai tit ca cdc phan ti c6 gbc duong véi 2 < s < 4. Két qua ndy ciing chi
ra ring, ddng diéu cta ™ c6 quan hé chit ché vdi gia thuyét ctia Eccles (xem phan
théo luan ctia Zare [67]). Do d6, nhiing hiéu biét vé dong cau Lannes-Zarati modulo
p déng vai tro quan trong trong viéc nghién ciu anh xa Hurewicz cling nhu trong viéc
khdo st nhitng gia thuyét vé cac 16p mit cau.

Nhu di trinh by dong cAu Lannes-Zarati modulo 2 da dugc nghién cttu mot cich
cin than bdi nhiéu tic gia trong sudt thdi gian dai trong khi dong cAu Lannes-Zarati
modulo p véi p 12 nguyén t6 18 vin chua dudge nhiéu ngudi quan tim nghién ciu.

Trong lun 4n nay ching t6i tp trung nghién ctu ddng diéu ctia ddng cAu Lannes-
Zarati modulo p véi p 1€.

Cu thé€ ching t6i thiét 1ap biéu dién & mic do day chuyén cta (©*)# trén phiic
day chuyén Singer-Hung-Sum ciling nhu bi€u dién & mic do day chuyén cta M trén
phtic A ® M#, véi o/-mdédun M bét ky. Phuong phap tiép can nay kha gan vé6i cach
da dugc Hung va cic cong su st dung trong [26] va [34] cho p = 2 véi mot sd thay
déi thich hop. Tuy nhién, véi trudng hodp p 18 viéc tinh todn trd nén phiic tap hon nhiéu
bdi vi tac dong cua toan tu Bockstein.

Viéc st dung dai s6 Lambda dé nghién ctiu 4nh va nhan ctia dong ciu Lannes-
Zarati modulo p cho truong hop M = F,, (v6i p 1é) tranh dudc viéc phai st dung
két qua ctia bai toan “hit” clia %), nhu trong [30], [25], [27], [32]. V6i phuong phap
nay chung t6i thu dugc cdc két qua mdi vé dang diéu ctia go]g” v6i s < 3 trong trudong
hop p 1é. Tuy nhién véi s 16n, viée tinh todn gip nhiéu khé khin bdi vi quan hé Adem
trong dai s6 Dyer-Lashof modulo p R, néi chung khé tinh, & ddy R c6 thé xem nhu

la doi ngau cua Z,[F,,.



Dé khic phuc khé khin nay, ching toi da phat trién todn ti liy thita P° tic dong
l1én Ext”"(F,,F,) (xem Liulevicius [41] hodc May [19]). V6i M = F, va M =
H *(BZ/p), chiing tbi da chi ra sy ton tai clia cac toan tit liiy thita P tac dong trén
Ext® (M,F,) va tén (F, ®., Z;M)*. Hon nita nhiing tdc dong nay tuong thich véi
nhau thong qua dong ciu Lannes-Zarati modulo p .

Mot ho {a; : i > i} C Ext(M,F,) dugc goi 1a P%-ho néu a;11 = P°(a;)
v6i i > 4. Két qua trén cho phép xéc dinh ¢ (a;) thong qua Y (a;,), diéu nay lam
giam ddng k€ cdc tinh toan trong viéc nghién ciiu dang diéu cia go]gp vol s < 3 va
gpfl*(BZ/ ) Vi s < 1 cho trusng hop p 1a sd nguyén t6 18. Chi y riang phuong phap
nay ctia chiing t6i c¢6 thé st dung cho trudng hop p = 2 véi mot it stta ddi vé bac.

Ngoai phan mé dau, phan két luan va tai liéu tham khao, luin 4n dugc chia 1am 3
chuong.

Trong Chuong 1 ching tdi trinh biy cac kién thiic ¢ ban can thiét cho phan chinh
ctia luan 4n, bao gom dai sd Steenrod, dong ciu Lannes-Zarati, phiic diy chuyén
Singer-Hung-Sum, dai s6 Lambda va dai s6 Dyer-Lashof va day phd.

Céc két qua méi cia luan 4n dudc trinh bay trong Chuong 2 va Chuong 3.

Trong Chuong 2 chiing t6i nghién ctfu biéu dién muic do diy chuyén cta dbi
ngau ctia M trén phic day chuyén cta Singer-Hung-Sum va biéu dién & mic do
day chuyén ctia dong cAu Lannes-Zarati ¢ trén phiic A @ M7,

Vi o7-mddun M bt ky, dit T+ M = {(T*M),} >0 la phic dudc xdy dung bdi
Singer [56] cho trudng hop p = 2 va béi Hung-Sum [33]] cho trudng hop p 18 va dé
cho thuan tién chiing tdi goi phiic I'* M 1a phifc day chuyén Singer-Hung-Sum. Trong
d6, Hung-Sum da chi ra 't M 1a phiic thich hop d€ tinh dbi dong diéu clia dai sb
Steenrod. Khi M 1a mddun khong &n dinh, ching toi chi ra ring #,M chia trong
(T* M), (xem trong Ménh d& [2.1.2). Hon nita (sai khac nhau vé diu) phép nhing
chinh tic Z,M — (I'" M), 1a biéu dién & mic do day chuyén cta dbi ngiu (tuyén
tinh) cta o, ky hiéu (pM)#, két qua nay dugc dé cap trong dinh ly sau.

Pinh ly (Chdn—NhuT [17, Pinh 1y 3.1]) Vi o/ -médun M bét ky, dong cdu
(eM)# . B M — (I'F M), dugc cho béi

(s—2)(s—1)
2

v = (=1) ol

la don cdu va la biéu dién & miic do ddy chuyén cia doi ngdu ciia dong cdu Lannes-
Zarati (pM)#,



Dinh ly nay 1a phién ban tdng quét ctia Pinh Iy 1.3 trong [34] cho trudng hop p 18.

V6i M = T, Zarati [[74] da chi ra ring %,F, = %|s], v6i #|[s] 1a &nh ctia dnh xa
han ché tit d6i dong diéu ctia nhém dbi xting ¥,» dén ddi dong diéu clia p-nhém abel
50 cAp. Vi thé, (sai khdc nhau vé diu) phép nhing chinh tic Z[s] — 't = (I''F,),
1a biéu dién 6 mic do ddy chuyén cta (ps”)#, két qué nay dugc thé hién trong hé qué
sau.

Hé qua [2.2.3,(Chon-Nhu [17, Hé qué 3.3]) Péng cdu (5s*)# : B[s] — I'T duge
cho bdi

(s—2)(s—1)
v (=) Ty

la biéu dién & mitc do ddy chuyén ciia doi ngdu ciia dong cdu Lannes-Zarati (gof” ).

Nim 1970, Priddy [54] da ching minh dai s6 Lambda A dang ciu véi gii thic
dbi Koszul ctia dai s6 Steenrod. Pai s6 Lambda dudc st dung trong ludn 4n nay tuong
ting véi dai s6 Lambda dudc dinh nghia bdi Bousfield va cic cong su [6] dudi tac
dong cla phan ty dang cu cla cc F,-mddun vi phan. Pai s6 Dyer-Lashof R 1a dai
s6 clia cdc todn tif dong diéu tic dong 1én dong diéu ctia khong gian vong ldp vo han.
Dai s6 R dang cAu véi dai sb thuong ctia dai s6 A (xem Curtis [22] va Wellington
[66]).

Cho mot «7-mddun M, khi d6 A ® M# 1a mdt phiic day chuyén va vi phan ctia né
dudc cho bdi

d()\@h) = d ®h_|_ Z deg)\—i— (1- G)deghA)\e 1®hﬂ1_€Pi,

i—e>0
véil e Avah e M#,

Véi o7-moédun M bét ky, Hung-Sum [33] da chiing minh dudc ton tai mot dang
cau ctia F,-mo6dun vi phan v .= {vM} o : TTM — A# @ M dugc cho bsi

Vé\/[(Uil"Uip_l)il_el N -u;s’l)gpfl)isiesss(m))

_( 1)11+ +Zs+zg<kﬁz€k<)\61

€s *
= i1—1" >‘¢571) ® m,

2, A €1 €s * 1N A x 2 €1
6 day (Ajl_;--- Aj°_;)" la doi ngau ctia A _ -

-+ Aj?_, theo co s6 chip nhan dudc.
Dé xay dung bi€u dién & miic do day chuyén ctia ¢ trén dai s6 Lambda, ching toi
mo ta d6i ngiu ctia Z, M trong thuat ngit ctia dai sé6 Dyer-Lashof modulo p R. Chiing

toi chi ra riang (%Z,M)* dudc xem nhu 12 mot «7/-mddun thuong phai cia R, @ M7,



O day, R, 1a khong gian con clia R dudc sinh bdi tit ca cac don thifc c6 d6 dai s va
o/ -tac dong trén R dudc cho bdi cac quan hé Nishida [19].
Ménh dé Cho mét o -médun khong on dinh M, tdp hop tdt cd cdc phdn tit
QT @l = Q- g<Q" ® L vdi I € Iy val chay khdp co sé thudn nhdt ciia M#
biéu dién mét Fy-co sd cia (s M)7*.

O day, ky hiéu @Q°, SQ’ 1a nhiing phan tit sinh ciia dai s6 Dyer-Lashof modulo p
R.

Dua trén mo ta nay, ching tdi thu dugc biéu dién ¢ mic do diy chuyén cia ¢/

v6i M 1a o/-mddun khong dn dinh bat ky trong thut ngit ctia dai s6 Lambda A.

Ménh dé (Chon-Nhu [18, Ménh dé 3.7]) Cho M la <f -médun khéng én dinh
bat ky, dong cdu

oM Ny @ M* —s (7 M)
duoc cho bdi

(s=1)(s—2)
2

A @0 (—1) Q' ® /]
la biéu dién & miic dé ddy chuyén cia déng cdu Lannes-Zarati modulo p oM.

Cubi cung, v6i mot sd diéu chinh thich hop chiing t6i da thu dudc nhiing két qua
tuong Ung véi Ménh dé va Ménh dé khi p = 2 nhu sau.
Ménh dé Cho mot of -médun khong én dinh M, tdp hop tdt cd cdc phdn ti
Q' @ 0 vdi { chay khdp mot co sé thudn nhdt cia M*, I la chdp nhédn duoc va
e(I) > |€), biéu dién mét Fy-co s6 ciia (%, M),
Ménh dé (Chon-Nhu [18, Ménh dé 6.2]) Cho mot o7 -mddun khong én dinh M,
dong cdu oM : Ay @ M# — (%,M)* duoc cho bdi

M@0 [QF (]

la mot biéu dién & miic dé ddy chuyén ciia dong cdu Lannes-Zarati modulo 2 ™.
Trong Chuong 3, chiing toi trinh bay céc két qua thu dudc khi nghién cifu dong
cAu Lannes-Zarati modulo p trén F,, va M = H*(BZ/p) , k& ci trudng hop p = 2.
St dung nhiing két qua vé biéu dién ddy chuyén cta dong ciu Lannes-Zarati mod-
ulo p v6i p 1é da dugc xay dung & Chuong 2, chuing toi thu dude cac dinh ly sau.
DPinh ly (Chon-Nhu [17, Dinh ly 4.1]) Péng cdu Lannes-Zarati modulo p hang
1
90]1Fp : Exty' T (Fy, F,) — Ann(2[1]7),
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la mot dang cau.

Két qua nay tuong tu vdi trudng hop p = 2 di dudc chitng minh bdi Lannes and
Zarati [[72]]. Hon ntia, dang diéu cia gog” dudc cho bdi dinh 1y sau.

Pinh ly (Chdn—Nhu‘ [17, Pinh ly 4.2]) Dong cdu Lannes-Zarati modulo p hang
2
oy” : Ext?>(F,, F,) — Ann(2[2]%),

chi khong tam thuong tai cdc phdn tit 6 goct = 0vat =2(p — 1)p'™t — 2,4 > 0.

Trudng hop p = 2, theo két qua ctia Lannes and Zarati [[72]], gogp 1a toan ciu. Véi
p 1é, trong [66], Wellington da chiing minh dugc Ann(R,) khong tam thudng tai cac
phan tiico goct = 0,t =2(p—1)p"™ =2 (i > 0) vat =2(p—D)p(p'+---+1) (i >
0), két hop véi khang dinh ctia Pinh 1y [3.1.2} suy ra gpgp khong phai 12 toan cau. Nhu

vay, dang diéu ctia dong cAu Lannes-Zarati hang 2 ctia trudng hop p 18 khac vdi trudng
hop p = 2.

Theo nhitng két qua trén, tuong ty nhu trudng hop p = 2, ta thdy dnh xa ©5" v6i
s < 2 chi khong tam thudng tai cic phan ti c6 gbc duong tuong ing véi nhitng phan
tf bat bién Hopf bang 1 va nhiing phan tif bit bién Kervaire bang 1. Su kién nay khang
dinh mot 1an nita c6 mdi lién hé mat thiét gitta dong cAu Lannes-Zarati modulo p va
4nh xa Hurewicz ciling nhu cdc gia thuyét vé cac 16p mit cau.

St dung céc két qua vé toan ti lay thita P° két hop véi phuong phap dung dai sb
Lambda A d€ khao sat dong ciu Lannes-Zarati modulo p ta thu dudc dinh Iy sau day.

Pinh ly (Chon-Nhu [[18, Pinh ly 5.11) Pong cdu Lannes-Zarati modulo p hang
3
QOIgp : EXti’gH(Fp? Fp) — (Fp ®. %?Ep)f

la mot don cdu véi t = 0 va bi triét tiéu tai tdt cd cdc phdn tik ¢é goc t duong.

Tir cac két qua nay, ching tdi nhan thiy trong trudng hop p 1é dang diéu ciia dong
ciu Lannes-Zarati modulo p goé” v61 s > 2 tuong tu nhu truong hop p = 2.

Dua vao céc gia thuyét vé cac 16p cau ctia Wellington [66] va Gia thuyét 1.2 trong
[34]], chiing t6i dua ra gia thuyét.

Gia thuyét 1. Cho o/ -médun khéng on dinh M, dong cdu Lannes-Zarati modulo p
oM Ext® (M, F,) — (F, ®,, A ,M)F
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la tam thuong tai tdt cd cdc phan tit c6 goc t duong véi s > 2.

Truong hop p = 2, gia thuyét ndy da dudc xdc nhancho M = F, v6i 3 < s < 5
bdi Hung va cac cong su (xem [30], [23], [27], [32]) va cho M = f]*(BZ/2) vGi
3 < s < 4 béi Hung-Tuén [34]. Trudng hop p 1é va M = [F,, Dinh ly da chira
gia thuyét nay dung v6i s = 3. Nhitng két qua trén diy da thoi thic ching t6i nghién
cliu ddng diéu cla gog*(BZ/ 2

P& thuc hién viéc nay chiing t6i di tién hanh xiy dung mot diy phd 1a mot md
rong cta day phé da dudc diung trong Cohen-Lin-Mahowld [20], Lin [39] va Chen
[11]] 4 tinh Ext®,(H*(BZ/p), F,) , v6i s = 0, 1 va thu dugc céc két qua sau day.

Pinh ly (Chon-Nhu [18, Dinh ly 5.3], Crossley [21, Dinh ly 1.1]). Nhom md
rong Ext®!(H*(BZ/p), F,) c6 mét F,-co sé bao gom tdt cd cdc phdn tit

1. Ty € Ext®?-Dr' L [1+(BZ/p),F,),i > 0;

2. hi(k) € Ext%? Y (H*(BZ/p),F,),i >0,1<k <p— 1.

Nhém Ext"' ™ (H*(BZ/p), F,) dugc cho béi dinh Iy sau day.

Pinh 1y 3.2.5(Chon-Nhu [18, Pinh ly 5.4]) Nhém md rong Ext\ T (H*(BZ/p), F,)

c6 mot F,-co sd bao gom tdt cd cdc phan tik dugce cho bdi danh sdch sau ddy

1. aoh; € Ext5?@=V9 (F*(BZ/p),F,),i > 1;

2. aphi(k) € Ext5 (H*(BZ/p),F,),i > 1,1 <k <p—1;

3. a(l) € ExtL2 PO (F(BZ/p),F,),0 < £ < p—2;

4. hihi(1) € Ext 2= VP2 Y ([« (B7,/p) F,),i > 0;

5. hih; € Exts 2V L F(B7./p) F,) 4,5 > 0,5 #i,i + 1;

6. hih;(k) € ExtL2@- 0720 =L (F=(B7,/p) F,),i,5 > 0,j # i+ 1,1 <k <
D — 1;

~

7. di(k) € Ext 20D+ 02 L (o7 /) F) i > 1,1 <k <p-— 1
8. ki(k) € Bxt2E PN Y (BLp) F,),i > 0,1 <k <p—1;
9. pi(k) € Ext oD@ 204001 (F(B7 /1) F)), i > 0,1 < k< p— 1.
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St dung Ménh dé va cdc Pinh 1y [3.2.2] dé nghién cttu nhan va 4nh cla

oI BLIP) a thu duge két qua dudi day.

Pinh ly (Chon-Nhu [[18, Pinh ly 5.6]) Pong cdu Lannes-Zarati modulo p hang
0
H*(BZ 7 Ty
ey PV Bty (H'(BL/p) F,) — (B @., G H " (BZ/p))f

la mét ddng cdu.
Két qua nay tuong tu cho trudng hop p = 2 do Hung - Tuin cong bd trong [34].

Dinh ly (Chon-Nhu [[18, Pinh ly 5.7]) Péng cdu Lannes-Zarati modulo p hang
1
ey P Bt (H(BZp), Fy) — (F, ®.0 a0 H" (BL/p)}

duoc xdc dinh bdi

1. hihs(1) s [5@1*@1)[1“}] viii > 0;

2. hihs 1> | BQY ablr=DP' ] i 0 < j < iy

3. hihs(k) — [/J’Qpiab[’“pj‘”] Vi0<j<il<k<p—1;

4. (k) — (PO ([BQ"abM]) ;i > 0,1 <k <p—1;

5. Nhitng phan tit con lai — 0.

O day, ky hiéu abl! 12 phan ti sinh ciia f[gt+e(BZ/p) xem nhu F,-khong gian
vécto.

Hé qua (Chon-Nhu [18, Hé qua 5.8]) Pong cdu Lannes-Zarati modulo p hang

1 gpfl*(BZ/p) khong phdi la toan cdu.

Két qua nay tuong tu trudng hop p = 2 (xem Ch y [3.4.4).

Phuong phap tiép cin cla ching toi ciing c6 gia tri cho trudng hop p = 2 véi
nhiing thay ddi thich hdp. Do d6, bang cach st dung phuong phap nay ta c6 thé kiém
tra lai cdc két qua ctia Lannes-Zarati [72], Hung va cac cong su [30], [23]], [27], [32]
[34] v6i cac tinh toan don gian hon (xem Muc [3.4).



Hon nita, tif cac két qua ctia Chen [12] vé cac phan ti khong phan tich dudc trong
Ext’ " (Fy, Fy) v6i 0 < t < 114, chiing t6i khao sit dang diéu cia ddng cAu Lannes-
Zarati hang 6 g2 trén cac phan ti nay va thu dugc két qua sau.

Pinh ly (Nhu [50, Dinh 1y 1.1]) Pong cdu Lannes-Zarati modulo 2 hang 6
o2 ExtO0T (Fy, Fy) — Ann((%2sM)*),
tam thuong trén nhitng phan tit khong phdn tich dugc trong EX‘Ci’fH(FQ, Fy) vai 0 <

t <114

Trong Muc 3.2|Chuong 3, chiing t6i xay dung mot diy phd va st dung né dé chiing
minh céc Dinh ly va Dinh ly Day phd nay dudc xem 12 phién ban tong
quat ctia day phd dudc st dung trong Cohen-Lin-Mahowld [20], Lin [39] and Chen
[11] cho trudng hgp p 1é.
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Chuong 1

Kién thitc chuin bi

Trong chuong nay, ching t6i sé khdi quat nhitng kién thic lién quan can thiét
cho céc chuong tiép theo ctia luan 4n. Cic ndi dung dudc trinh bay bao gom dai
s6 Steenrod, modun trén dai s6 Steenrod, dong ciu Lannes-Zarati, phic diy chuyén

Singer-Hung-Sum, dai s6 Lambda va dai s6 Dyer-Lashof.

1.1. Dai s6 Steenrod

Trong muc ndy, ching toi trinh bay so ludc vé dai s6 Steenrod va mot s tinh chét
co ban sé dugc st dung & phan sau.
Vao nam 1947, Steenrod [61] da dinh nghia

Pinh nghia 1.1.1. Cho X 12 khong gian topd. Cic toan tif d6i dong diéu tdc dong mot

cach tu nhién trén d6i dong diéu ctia khong gian topd X
Sq': H*(X,F2) — H"(X,F2),
dugc goi la toan ti Steenrod véi Vi > 0,n > 0.

Céc todn tl nay giao hoan véi phép treo nén ching dudc goi 12 toan tir ddi dong
diéu on dinh.

Cac toan ti Steenrod dudc nghién ciu bdi Cartan [68]], Adem [3], Serre [73],
Milnor [47].

Nim 1950, Cartan [68] da ching minh rang v6i moi x,y € H*(X),

Sq"(zy) = Z Sq'(2)Sq" " (y),

11



trong d6, zy 1a tich cup trong vanh H"(X,F,) va ngudi ta lay tén 6ng dé dit tén cho
cong thiic nay.

Nim 1952, Steenrod [60] tiép tuc xdy dung céc toan ti Steenrod trén trudng F,
v6i p 1a s6 nguyén t6 18.
Dinh nghia 1.1.2. Cho X 12 khong gian topd. Cic toan ti di dong diéu tdc dong mot
cach tu nhién trén d6i dong diéu ctia khong gian topd X

P H'(X,F,) — H""(X,F,),

dugc goi la liy thua Steenrod v6i Ve > 0,n > 0.

Cung nim d6, Adem [3] da chiing minh dudgc ring tit ca cac quan hé trong dai s6
Steenrod déu dudc sinh ra tif tap cic quan hé

Al p—i-1 o
Sq"Sq" =) Sq""'Sq, (L.D)

i—o a—2i

v6i a < 2b (truong hop p = 2) va

[i/p] _
' pi : -1)(j—-t) -1 o
pipi — Z(_l)z+t (p—1)(7—1) pii-tpt )
t=0 7 — pt
véi 1 < pj,
[i/p] ,
Pi3PI = Z(_l)iﬂ p—1)7—1) gpiitp
t=0 1 — pt

[i—1/p] .

. —1)(j—t)—1 o

- ) (=) v ,Xi i PHITIBPL (13)
t=0 vt —pt —

v6i i < pj (trudng hop p 1€), trong d6 hé sd nhi thiic 1ay theo modulo p; Ky hiéu [z]
12 phan nguyén ctia x, 1a sb nguyén 16n nhat khong vuot qua .

O day, todn ti Bockstein 3 1a ddng ciu nbi sinh ra tit diy khép cac hé sb
0—=Z/p— Z/p* = Z/p — 0,
nghiala 8 : H(X,Z/p) — H" (X, Z/p) va (3 ¢6 céc dic trung sau
i) 2 =0.
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ii) B(zy) = (Br)y + (—1)"&*z(By).

Céc quan hé nay dugc goi la quan hé Adem. Sau do, Milnor [47] da nghién cuu
mot cach sdu sic cau tric cia dai sd. Ong da chiing minh rang dai s 1a dai s6 Hopf
phan bic, ¢6 bd sung, ddi giao hodn va lién thong.

Tir céc két qua trén, mot cach thuan tiy dai s6, ta dinh nghia dai s sinh bdi céac

toan tif Steenrod (dudc goi 1a dai s6 Steenrod) nhu sau.

Pinh nghia 1.1.3. Dai s6 Steenrod .« 12 mot IF,-dai sb phan bac, két hop, c6 don vi
trén trudng [, sinh bdi cdc phan tir S¢' bac i > 0, thda man Sq® = 1 va quan hé
Adem (cho p = 2); sinh béi céc phan tit P*,i > 0 bac 2(p — 1)i va 3 bac 1, thda
man P? = 1, %2 = 0 va cdc quan hé Adem (T.2)), (cho p 18).

Cho I = (eq, 1,61, ,is,€5),& = 0,1,4; > 0, (trudng hop p = 2 ta xem nhu
er = 0, Vk). Trong dai s6 Steenrod .7, mot don thiic do dai s c6 dang

Sq' = 544" - S voi p = 2,
Pl = geophrgei piz... %=1 Pis 5% v p 18,

Pon thitc P! dudc goi 1a chip nhan dudc néu ij > pljt1 +¢€4,7 > 1. Bic cua don
thic P!, ky hiéu deg(P?), dugc dinh nghia bsi

deg(P") =2(p— 1)(ix +io + - +is) + (€0 + - - + &5).

Ménh dé 1.1.4. (Xem Steenrod-Epstein [61]]). Tap hop 1t cd cdc don thiie chdp nhdn

duwogc la mot co s6 cuia dai sé Steenrod <7, xem nhu la khong gian vécto phdn bdc trén

F,.

Co s dudc dé cap trong ménh dé nay dudc goi 1a co s6 chip nhan dudc.

Ménh dé 1.1.5. (Xem Steenrod-Epstein [61]]). Vdi moi i > 0, cdc todn tic P* khong
phan tich duoc khi va chi khi k la lity thita cua p. Khi do, tdp hop

{S¢¥|i > 0} vai p = 2va {PV'|i > 0} U{B} vdipIé,

la tdp sinh dai s6 cia < .
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Theo Milnor [47]], dai sb Steenrod <7 12 dai s6 Hopf, phan bac, lién thong, d6i giao
hodn, c6 kiéu hitu han va c6 bd sung trong d6 ddi tich trén cic phan ti sinh dugc cho
béi

PP =1@p+B@1vay (P")= Y P &P
i+j=n
Dbi don vi € : 7 — F, thda man

(e® 1)y*(B) = B,
(€® 1) (P") = P".

Hon nita, Milnor [47] da chiing minh dudc d6i ngiu cua <7, ky hiéu <7, dugc cho bdi

A =1, i p =2
A, =TFpl&r, . s&ns o] @ E(T0,T1,s ooy Ty - )5 P 18,

N

trong d6, F,[¢1, ..., &, ...] 1a dai s6 da thic sinh béi cdc & va E(1o, 71, ..., Tn, -..) 12
dai sb ngoai dudc sinh béi cac 7;. O day, ky hieu & = (PP ..PY)* i > 1, 4| =
2p° — 1), %] = 1y 7 = (PP ..PB)*, |1| = 2p' — 1,79 = (B)* tuong ting v6i co
s& chip nhan dudgc.

Khi d6 ta c6 ménh dé sau.

Ménh dé 1.1.6. (Xem Steenrod-Epstein [61]]). <7, ciing la mét dai s6 Hopf va cé mot

co s6 gom cdc don thitc ¢é dang 75°&] T11E5 - - - trong do ; = 0 hodic 1.

1.2. Moédun trén dai s6 Steenrod

Dit M 1a pham trli clia cdc «7-mddun trdi phan bic va «7-4nh xa tuyén tinh bac 0.

Pinh nghia 1.2.1. Mot «7-mddun M dudc goi 1a khong 6n dinh néu v6i moi phan ti
x € M,

e S¢'r = 0 véi deg(x) < inéup = 2.
e 3 Pi(x) = 0 v6ibat cti deg(z) < 2i +¢,6 = 0,1 néup > 2.
Pham tru ctia tat ca cic «/-modun khong &n dinh dugc ky hiéu bdi U.

Dinh nghia 1.2.2. Cho mdt «7-mddun M, treo thi s cua M, ky hiéu ¥° M, dugc dinh
nghia bdi (3*M)" = M™%, Tac dong cia dai s6 Steenrod 1én > ° M dugc cho bdi
O(X5m) = (—1)*4e%5(0m) véi moim € M vaf € of.
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1.3. Dﬁng cau Lannes-Zarati

Ham td bét 6n dinh héa 2: M — U la phu hdp tréi ctia phép nhiing U — M.

Ham td nay dugc mo tad mot cach chi tiét nhu sau:
P (M) = M/EM,

trong d6 EM := Spang {°P'z: € 4+ 2i > deg(z),z € M}. Do cdc quan h¢ Adem,
EM 13 mot «/-mddun con ctiia M. Dic biét, néu M 1a mot khong gian véctd phan
bic, dudc xem nhu mot «7-moddun véi tdc dong tim thudng thi £ M 13 khong gian con
sinh b&i nhitng phan ti ¢ bac am. Do d6, (M) c¢6 thé duge dong nhit vé6i «7-mddun
con cia M bao gdm tat c4 nhiing phan tif bac khong am.

V6i «7-mddun tiy y M, phép chiéu M — F, ®,, M cam sinh mdt «7-dong cu
2(M)— 2(F, ®,, M). Do do, ton tai mot «7-dong cau 2(M ) —TF, ®,, M 1a hgp

ndi cta cac dong cau sau
I2(M)—— 9(F, ®, M) —F,®, M.
Pong cau nay cam sinh cdc 4nh xa tuong dng gitta cic ham ti dan xuit

i 9,(M)— Tory,(F,, M).

S

Anh xa tu nhién i da md ra co hoi hiéu biét vé dong diéu clia dai sd Steenrod thong
qua nhiing kién thic vé cdc ham tif din xult cia ham ti bt 6n dinh héa. Tuy nhién,
trong trudng hop tdng quat viéc tinh toan 2, 1a rat khé, ngoai trit trudng hop tinh trén
modun ctia X17*M v6i M 1a khong 6n dinh. Trong trudng hop nay, Lannes va Zarati
[72], [74] da chi ra rang 2, c6 thé dudc md ta theo thuat ngit ciia ham ti Singer Z,
(xem muc [2.1)).

Chung t6i tom tit nhitng két qua ctia Lannes va Zarati. Dit F, 1a mot F,-khong
gian véctd s chiéu. Chiing ta biét rang ddi dong diéu modulo p ciia khong gian BE,

dugc cho bdi
ps = H*BES = E(Ila .. '7'7:8) ®Fp[y17 T ’ys]’

trong d6 (z1,...,zs) 1a mot cd s6 cia H' BE; = Hom(FEs, F,) vay; = [(z;) v6i
1 < ¢ < strong d6 § la toan tit Bockstein. Ky hiéu E(xq,. .., z5) va Fplyr, ..., s
1an lugt 1a dai s6 ngoai va dai so da thiic trén [F, dudc sinh bdi cac bién z1, ...,z bic

I vayy,...,ysbac2.
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Dinh nghia oy (M): 2,(X7'M) — 2,_1(P, ® M) la dong cAu ndi ctia ham ti
2(—) lién két véi day khdp ngén
0P oM—>PoM— Y 'M—0,

trong d6 P 14 «7-mddun md rong clia P, bing cach thém mot phén tit sinh z1y; ! bac
—1. Tac dong clia .« trén P dudgc cho bdi cong thic P (z1y;!) = (_nl):clyi‘(p_l)_l =
(= 1)y 7" va B(ayyr ') = 1 va o téc dong trén Py theo cach thong thudng.
Khi d6, P; 1a mot modun con cla «7-mddun P.
bat

ag(M) == ay(Pe_y @ M) oo ( VM),
suy ra o (M) 1a mot <7-anh xa tuyén tinh tit 2,(X"°M) dén 2,_,(P,® M ). Dic biét,
khi r = s, ta thu dugc anh xa as(M): Z4(X°M) — Zy(Ps @ M).

Miit khac, v6i «7-mddun khong 6n dinh M bat ky, xay dung Singer Z,M (xem
dinh nghia trong Muc 2.1 & cua Chuong 2) la &#-mddun con cua P; ® M. Lannes va
Zarati [72] v6i p = 2 va Zarati [74] v6i p 18 da chi ra riang anh cla a,(XM) chia
trong X% M C 9y(P; @ M) = P, ® ¥ M. Cu thé, ta c¢6 dinh Iy sau day.

Dinh ly 1.3.1 (Xem Zarati [74, Dinh 1y 2.5]). Cho </-médun khong on dinh M bdt
ky, dong cdu a,(XM) : D,(S' M) — S%,M la mot dang cdu cia cdc < -médun
khong on dinh.

Dua vao céc két qua trén, v6i «7-mddun khong &n dinh M bat ky va véi s > 0 ton

tai mot dong chu (¢)# sao cho biéu do sau day giao hoén:

2,(S1=5 M) _os(EM) | SBM—— P, @ M
e (1.4)
’ ‘ = (@)
.

Tor? (F,, 51~ M).

Vi dai s6 Steenrod & tic dong mot cich tam thudng 1én Tory,(F,, X' *M) nén
(¢M)# phan tich dugc trén F, ®,, X%,M. Do d6, sau khi treo bac —1, ta thu dugc

dinh nghia sau.

Pinh nghia 1.3.2. V6i «7-mddun khong 6n dinh M bét ky va véi moi sd nguyén
s > 0. Khi d6, dong ciu

(27 2 (Fy ®., %M)" — Tord,(F,, S *M) = Tor?, . ,(F,, M). (1.5)
dudc goi 1a dbi ngau ctia dong cu Lannes-Zarati modulo p.
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Lay dbi ngiu (nhu khong gian vécto) ciia dong ciu trén ta nhan dudc dinh nghia
sau.

Pinh nghia 1.3.3. V6i </-mddun khong 6n dinh M bét ky va véi moi sd nguyén
s > 0. Khi d6, dong chu

oM Ext® (M, F,) — (F, ®., ZM)} = Ann((%,M)%),, (1.6)

dudgc goi 1a dong cAu Lannes-Zarati modulo p.

1.4. Phitc day chuyén Singer-Hung-Sum

Cho E, 1a mot F,-khong gian vécto s chiéu. Di dong diéu modulo p ctia khong

gian phan loai B FE, dudc cho béi
P;:= H'BE; = E(x1,...,25) @ Fply1, ..., ys).

Ky hiéu, GL, := GL(FE,) 1a nhém tuyén tinh t6ng quat. Nhém G L, tac dong trén
E, do do, n6 tac dong 1én H* B E; dudc cho bdi cong thic sau day
(%‘j)ys = Z AisYi, (%’)Is = Zais%‘, (az‘j) € GLs.
i i

Pai s6 clia tit ca cac bat bién ctia H* BE, dudi nhiing tic dong ctia G'L, dudc tinh
bdi Dickson [23] va Mui [49]. Ching t6i tom tit ngan gon cac két qua ctia Dickson
va Mui nhu sau.

Cho b6 cac sb nguyén khong am (rq, ..., r,) batky, dit [ry, ..., 7] = det(yf’Tj)

va dinh nghia
Lg; = [07-“77:7“-75]; Ly := Ls,s; Qs,i -— Ls,i/L&

v6ibatky 1 < i < s.
Dic biét, g5 s = 1 va qui udc qs; = 0 véi ¢ < 0. Bac cua gs; 1a 2(p* — p'). Dinh
nghia

Ver=Vilyr,. .. ys) == H (Myr =+ Ao1¥s1 + ¥s)-
)\jEFp

Mot cach khac, Vi = L,/ L,_. Khi do, ¢, co th€ dugc md td mot cach qui nap
bdi cong thiic
Qs = Q§_1’i_1 + qS—l,iVsp_l- (1.7)
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Cho céc sb6 nguyén khong am k, rj..1, . .. , s, dinh nghia

xl ... xs
1 T T
[kv Tk+1, ) 7’3] = H Pk SR
1 Ys
Ts Ts
Y1 Yy

V6i0 <1 <--- <1 <s—1,dinh nghia
Ms;il,...ﬂ'k = [k, 07 ce ,il, . ,ik, e, S8 — 1],
—2
Rs;il,...ﬂ'k = Ms;il,..A,ikLé) .
T két qué cta Mui [49], M,.; c6 thé duge mod td mot cach qui nap bdi cong thic

Mg = Ms_1,;Vs + qs—1,iMss—1.

Khong gian con clia tit ca cic bat bién ctia H* BE, dudi tic dong cla G L, dudc
cho bdi dinh ly sau day.

Pinh Iy 1.4.1 (Dickson [23], Mui [49]).

1. Khong gian con ciia tdt cd cdc bdt bién dudi tdc dong ciia GLg cia Fylyy, . . ., ys]

duoc cho bdi

D[S] = Fp[yla SRR ys]GLS = Fp[QS,(h ceey q8,3—1]~

2. Nhu la mét D[s]-médun, (H* BE,)%" la tw do va c6 mét co sé bao gom 1 va
tdt cd cdc phan tit c6 dang Reirip 1 1<k<s0<i <~ <, <s—1

3. Cdc quan hé dai s6 duoc cho bdi
2
Rs;i = 07
k(k—1)/2 k—1
Rs;i1 T Rs;ik = (_1) ( )/ Rs;ih...,ikq&o )
voi 0 < < -+ < < s
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Goi ®, := H*BE,[L;'] 1a dia phuong héa ctia H* BE, bing cach 1am kha nghich
L. Chi y rang L, la tich ctia tit ca cac dang tuyén tinh khdc O ca y1, . . ., y,. Vi thé,
lam kha nghich L, tuong duong vé6i viée 1am kha nghich tit ca cdc dang tuyén tinh
d6. Tac dong cua GL, trén H* BE, dudc thac trién thanh tac dong ctia GL, 1én ®,.
bat

Ay =@ Ty = @Gls
trong d6, T, 1a nhém con ctia G L, gdom tt ca cdc ma trin tam gidc trén v6i cac phan
tu trén duong chéo chinh 1a 1.

bat u; := M;,;_1/Li_1 vav; := V;/qi_1, khi d6 |u;| = 1 va |v;| = 2. Hung-Sum

[33]] da chira rﬁing

(U, ... us) @Fplopt, . v,

(RS;07 cee Rs;s—l) 029 Fp[Q;%éa Gs1y- - 7%,3—1];

va cac quan hé sau day

. — P p—1 p—1
Qsi = Qs—1i—1 T Ts—1,095-1,iVs

(1.8)
Ryi = i1 0(Rem108 ! + gompuso D71,
Két hop nhiing cong thic nay va khang dinh (3) ciia Dinh ly [1.4.1} ta nhan dugc
cong thic dusi day
Rsij
(1.9)

_ p—2 -1 —1)—1
- _qS—LO Rsfl;iRsfl;jU?; + (R371;7:q871,j - Rsfl;jQSfl,i)usvgp ) :| .

Hung-Sum [33]] da dinh nghia A} va I'! nhu sau

Véi s > 1, A} 1a khong gian con clia A, dugc sinh béi tit ca cac don thiic ¢6 dang

U?ng_l)il_ﬂ e ugsvgpfl)iSfeS’ € € {O, 1}7 1 S Z'j S s, il Z €1.

batI't =T, N AY vaT't := {['}>0. Khi d6, I'" 1a mot F-modun vi phan
phan bac véi vi phan dugc cam sinh bdi

O(uf' vy - u )

+--- _ €1 .11 €s—1, ls—1 _ o 1.
(_1)61 +€s 1u1 on "'usil sil7 € = —1g = 17 (110)

0, cac truong hgp khac,
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trong d6 T'g = F,.
V6i «/-mddun M, dinh nghia I0y thtta toan thé on dinh S(x1,y1,. . ., Ts, ys; m)
v61i m € M nhu sau (xem Hung-Sum [33])

Ss(xlayla .. '7$says;m)

[ €1+i1+-testis ) €s (p 1)7’1 €1 —(p—l)is—ﬁs
T E , (_1) Ug - ul vy T Ug

e; =0,1,
ij >0

® (BTP - B4 P) (m). (1.11)

D€ thuén tién dat Ss(m) := Ss(x1,y1,- - ., Ts, ys;m) va Ss(M) := {Ss(m) : m €
M} C Ay ® M.
Khi d6, Hung-Sum da dinh nghia

Pinh nghia 1.4.2. V6i «/-mddun M, dat ' M = {(I'" M)} >0, trong d6 (I'T M) :=
Mva (TTM), :=TFSs(M) = {vSs(m) : v € T'S,m € M}, 1a mot F,-mddun vi
phan va I't M 12 mot phitc day chuyén.

DPé& dé nhd chiing tdi goi phiic day chuyén nay la phic day chuyén Singer-Hung-
Sum.

Tu v6im € M batky, Ss(m) =Y, apv! @ my, 6 day vf € A;,;mr € M
vaay € Fp, v6ibatky v € I'T € Ag,vSs(m) =Y, ajvv! @ my.

Chov = }_ ,vcpu PV e THvam € M, 8 day v, € '), vi phan trong
' M dudc cho bédi

d(vSy(m)) = deg“lz Y 0e0Ss1 (B P'm). (1.12)

Trong [33], Hung-Sum da chi ra H,(I't M) = Tor? (F,, M) v6i M la «/-mddun
bét ky. Do d6, 't M 1a phuc thich hgp d€ tinh Tor? (F,,, M).

Tiép theo, chiing tdi thao ludn mdi quan hé gifta phiic day chuyén Singer-Hung-
Sum va giai thic bar.

D€ thuan tién trong nhitng phan sau, ching tdi nhac lai gidi thic bar va cic ky
hiéu cta né. Pit I(.</) 1a idéan b3 sung cla dai s6 7. Giai thic bar hai phia la
B, o, ) = o QT(I(<))® e, trong d6 T la dai sb tensor. Khi d6, B(.«7, o, <)
dugc sinh bdi cdc phan ti cé dang a ® a1 ® - - ® a; @ a', V6i a,a’ € o Vi a; €
I(<7),1 < i < s. Nhitng phan t& nay c6 thé dugc ky hiéu mot cach don gian 1a

20



alay|- - - |as]a’ va dudc gan song phan bac (s, t), trong d6 s 1a bac dong diéu, ¢ 1a bac
trong va t := deg(ala1|- - -|as]a’) = dega+degas + - - -+ deg as + deg a’. Bic tong
la s + t, duge ky hiéu bdi dim(afa;| - - - |as)a’), nghia la

dim(ala|---|as]a’) = s + dega + degay + - - - + degas + dega’.

Dit By(/, o/ , o/); 1a mddun con sinh bdi tit c cac phan tif clia song bac (s, 1).
Vi phén ctia B(«/, </, o) dugc dinh nghia bdi

Balas] - lodJa’) = (~1)aasag] - |asJe
s—1
+Z(—1)eia[a1|---|aiai+1|---|as]a’ (1.13)
i—1
(=D alar] - |as—1]asd’,
G day, e = dega va e; = dim(alay| - - - |a;])-

Cho L 1a o/-mo6dun trdi va R 1a «7-mddun phai, dat
B(R,o,L) = R®.y B(o, o, ) @4 LvaB(&/) = B(F,, #,F,).
Khi d6, B(R, <, <) lamdt giai thiic cia R sinh bdi «7-modun phai ty do va B(«/, «7, L)
la mot giai thuc cua L sinh bdi «7-mddun trai tu do.
Tac dong cla & trén B(«/, </, L) dudgc cho béi
O(alar]---las]t) = Oalas] - --|as]t,
V6i 0 € of va alay|---|ag)l € B(«/, </, L). Hon nita, dé thdy ring B(«/) ® L =
B(F,,«,L) = T(I(«))® L nhu la cic «7/-moddun trai.
Dinh nghia 4nh xa ¢, : I'Y — B(«) dugc xdc dinh bdi
LS(Uilvgpil)iliel .. uisvgp_l)is_ss) _ (_1>s1+11+~~+55+is [51—51pi1| L |/81_55P7:s'
(1.14)
RO rang ¢, 1a don ciu.
V6i «7-modun M bat ky, dinh nghia dnh xa M : (T M), — B(F,, o7, M) dugc
cho béi
MwSs(m)) = 1s(v) @ m = 15(v)m, (1.15)
véiv el vam e M.

Khi d6, ta thu dudc ménh dé duéi day.
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Ménh dé 1.4.3. Anh xa ™ = {1M} 50 la mot don cdu ciia F-médun vi phan. Hon

M

nita, 1" cdm sinh moét dang cau

H.(T"M) = Tor? (F,, M).

Chitng minh. Tu (I.12)) va (T.13), ta suy ra ¢ 1a mot don cAu cta F,-modun vi phan.
Tu [33, Ménh dé 4.4], ta d& thay (,)7)* : Ho(I'"M) — Torg (F,, M) 1a mot

dang cau.

Véi «7-mddun M bat ky, ton tai mot diy khdp ngin
0N F& Mo,

trong d6, F'1a mot .«7-modun tu do va N = Kerp. Theo [33, Ménh dé 4.7], H (T'" F)
0 v6i s > 1. Do d6, st dung Ménh dé 4.6 cua [33]], ta thu dudc biéu do giao hoan sau

day

0—— Hy(T'"M) ——— Ho(T'*N) ——— Hy(I'* F) —— Hy(T't M)

S

0 —— Tor{ (F,, M) — Tor§ (F,, N) — Tor{ (F,, F') — Torg (F,, M),

& day cac hang 1a khdp. Theo B& dé Niam dong ciu, ro rang (¢})* 12 mot dang cAu.

Vé6i s > 1 bang phuong phap quy nap theo biéu dd giao hodn sau diy

0—— Hy (Tt M) ——— H,_1(T'*N) ——0

| |

0 — Tor? (F,,, M) — Tor” | (F,, N) —0

IR

)
ro rang (¢M)* 1a mot dang cau.

Ménh dé da dugc chiing minh. [

1.5. Dai so Lambda va dai s6 Dyer-Lashof

Pai s6 Lambda dudc dinh nghia va nghién citu bdi Bousfield va cic cong su [6],
[7]. Pai s6 nay 1a mot phiic thich hgp d€ tinh dbi dong diéu clia dai s6 Steenrod. Hon
nita, Priddy [54] da ching minh dai s6 Lambda A dang ciu véi giai thifc co-Koszul
cia dai s6 Steenrod.

Mot cach thuan tiy dai sd, ta c6 thé dinh nghia dai s6 Lambda nhu sau.
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Pinh nghia 1.5.1. Pai s6 Lambda A 13 mot dai sd vi phan phan bac, két hop, c6 don
vi trén [F,, dugc sinh béi A\;_q (¢ > 0) c6 bac 2i(p — 1) — 1 va puj_q (j > 0) 6 bac
2j(p — 1) thdéa man cac quan hé¢ Adem

Z ' + / Nic1i4pmAj—14m = 0,

i+j=n t

it )
Z . (Ai—t4pmbj—14m — Mi14pmAj—14m) = 0,

i+j=n t

véimoim > 1van > 0; va

i1+
Z Aitpmtbj—1+m = 0,

i+j=n \ ¢

1+
Z Hitpmbti—1+m =0,

i+j=n \ t

véimoim > 0van > 0.

Vi phan dudc cho béi

1+
d(Mn_1) = Z Ai—1Aj-1,

1+
d(pn-1) = Y ) Qi = i),

i+j=n v

d(o7) = (=1)%*8%0d(7) 4 d(o)T.

D€ thuan tién, ta ky hiéu A} | = \;_q va \) | = p; 1. Bit A, 1a khong gian con
ctia A sinh béi tit ca cc don thic A - A ¢6 do dai la s. Do quan hé Adem, A
c6 mot co s3 cong tinh bao gom tit ca cic don thiic chdp nhan dugc (nghia 1 nhiing
don thiic c6 dang A\; = Aj!_; -+ A € Ay théa piy, — e > 41 v6i 2 < k < 5).

111

Cho mot «7-modun M, vi phan cta phitc A ® M# duge cho béi

dA@h) =dN) @ h+ Y (=1)%s09demNe  @npl P, (1.16)

1—e>0
véi A € Avah e M#,
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Dua viao cac két qua ctia Hung-Sum [33]], v6i «7-modun M bat ky ton tai mot dang
cau cta F,-modun vi phan v := {vM} o : TTM — A# @ M dugc cho bsi

v (gt o) S (m))

e G RN AL @m,

€1 .
i1—1

& day (A&

Sy AP )* 1a doi ngdu cla A -+ Ai*_ theo cd s& chap nhan dugc.
Cho don thiic batky A\; = X', --- X*_; € A,, ta dinh nghia trdi ctia A; hodc clia
I1la

e(\)=e(l)=2i1—e— Y 2(p—Dig+ Y e
k=2 k=2

Khi d6, Curtis [22], Wellington [66] di dé cap dén mot dai sd thuong quan trong
cia A, d6 12 dai s6 Dyer-Lashof modulo p R va dai s6 nay dudc dinh nghia nhu sau.

Pinh nghia 1.5.2. Pai s6 Dyer-Lashof modulo p R 1a dai sb thuong ctia dai s6 A trén

idéan (hai phia) dudc sinh bdi tat ca cac don thiic c6 trdi am.

Khi d6, dai s R ciing dugc biét nhu 12 dai s6 clia nhiing toan t dong diéu tac
dong 1én dong diéu ctia khong gian vong ldp vo han.

biat Qf = Q™ - - - B4 Q% 1a dnh clia A\; dudi phép chiéu chinh tac va dat R, 1a
khong gian con ctia R sinh bdi tt ca cac don thic c6 do dai s, khi d6 R, dang cau véi
2[s]* nhu la «7-dbi dai sb (xem md ta clia %[s] trong myc [1.3), & day «/-tdc dong
trén R dudc cho bdi quan hé Nishida (xem May [19]).

Tit cdc két qua trén, ta thiy riing anh xa han ché ctia v, := v5” trén %s] 1a dang

chu gilta #|s] va RY.

1.6. Day pho

Trong muc nay chiing toi trinh bay so lugce cac khdi niém vé diy phd va diy phd
sinh bdi phuc c6 loc. Muc nay dua theo tai liéu [43]], [59].
Day phd

Mot mddun Z-song bac 1a mot ho cac mdodun F = {EP7} v6i mdi cdp p,q € Z.
Mot ho vi phan d : E — E c6 song phan bac (r, —r + 1) 12 mot ho cac dong chu
{d := dr9 : BP9 — BP0+ v6i méi cip p, g va d? = 0.
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s prraetr-l_d  ppg_ 4 pebrg-rel

Khi d6, dong dieu H(E) = H(FE,d) dudi vi phan d cing 12 mot modun song bac
{HP4(FE)} dugc xac dinh theo cach thong thuong

HPY(E) = Ker[d : EP? — pPtra-r1] /q(pe-ratr=1

Néu dit E" = @,y g=, EP? thi { E"} 1a mot moédun phan bic. Vi phan d cdm sinh
mot vi phan d : E™ — E™"! bac 1 thong thudng va H({E"}, d) la mot modun phan
bac nhan dugc tt HP4(E) bang cach dit H"(E) = ®py g=n HP(E).

DPinh nghia 1.6.1. Mot day phd £ 1a mot ho cac {E,, d,.}, v6i r > 0 théa man

(i) E,1a mot médun song bac véi d, 1a vi phén song bac (r, —r + 1) trén E,.
(ii) V6i mdir > 0, tdn tai mot dang ciu H(E,) = E,;.

V6i mdi r > 0, E, dudc goi 1a trang thi r cta day phd. Trang Ej dugc goi la trang
dau cta day phd. T dinh nghia trén, ta nhan thiy v6i mbi r > 0, E,, d, ta sé xac dinh
dudc L,1; nhung chua xac dinh dugc d, ;.

V6i r > 0, ta ddng nhét trang E,, | véi dong didu H (E,) bdi dang ciu trong Pinh
nghia Khi do, ta dinh nghia trang gidi han ctia day pho nhu sau:

Goi Z, 1a modun song bic véi 227 = Ker[dy : EP? — EP7'] va By 1a mddun
song bic véi Bl = dy(EYT). Khi d6, tacé B® ¢ Z°va E) = Zy/By. Bit Z(E)) 1a
modun song bac thoa Z(F, )P = Ker[d, : EP? — EP*] va B(E;) 1a mddun song
bac thoéa B(FE,)?¢ = dy(EP"%). Theo dinh ly ding ciu Noether, v6i mbi p, ¢ c6 it
nhit mot mddun con song bac Z; va By cua Z, chita By sao cho Z! = Z(E, )P/ B
va B! = B(FE,)? = BY?. D& thdy ring, B; C Z;. Khi d6, ta nhan dugc day

By C By C Zy C Zy.
Bing quy nap, ta thu dugc diy cic mddun song bac nhu sau:
ByCcB C---CB,C---CZ,C---CZy C Zp;

trong d6 E, 1 = Z,/B,.

25



Ta dinh nghia cac modun song bac Z, = N, Z,, Boo = U, B, va Eoy = Zoo/ Beo-
Mobdun song bac E,, dudc goi la trang gidi han cua diy pho E va trang E, dudc goi
la c4c x4p xi dén E..

Mot phan tif dudc goi 12 sébng dén trang r néu né khong tam thudng trong E,; mot
phan tif dudc goi 1a chu trinh vinh ctfu néu né nam trong Z.; mot phan tir dudc goi

la song néu né song dén trang vd cung.

Day pho sinh béi phitc ¢6 loc

Mot loc F trén modun A 13 mot ho cdc médun con FP A cia A sao cho véi moi sb
nguyén p, FPA C FP™1A. Néu A = { A*} 1a mdédun phan bac thi F phai tuong thich
v6i phan bac. Cho mdt loc F trén A, mddun phan bac lién két G(A) dudc dinh nghia
bdi GP(A) = FPA/FP~1A. Néu A 1a mot modun phan bac thi médun phan bac lién
két G(A) 1a mdt moédun song bac xéac dinh bdi GP4(A) = FPAPTa/FP~1 AP Trong
truong hop nay, p dudc goi 1a bac loc, ¢ dude goi 1a bac bd sung va p + ¢ dudc goi la
bac téng ctia mot phan td trong GP4(A).

Day

- CFPTACFPACFPTAC -
12 day hop thanh vo han ctia A va moédun phan bac lién két gdm cac thuong cta diy
hdp thanh nay.

Loc F dugc goi 1a hoi tu néu N, FPA =0 vaU,FPA = A.

Loc F trén phiic diy chuyén C 1a loc tuong thich véi phan bac va vi phan ctia C
(nghia 1a FPC' 1a mdt phiic con ctia C' gdm {FPC™}). Loc trén C' cdm sinh loc trén
H*(C) dinh nghia bdi

FPH*(C) == Im[H*(FPC) — H*(C)].

Vi ham tif dong diéu giao hodn véi gidi han truc tiép nén néu F 1a loc hdi tu trén
C thi U,FP?H*(C) = H*(C), tuy nhién N, F? H*(C) khong nhat thiét bang khong.

Loc F trén modun phan bic A dugc goi 1a bi chin dudi néu véi mdi ¢ ton tai p
(phu thudc vao q) sao cho FPA? = (. Néu F 1a loc bi chiin duéi trén C' thi loc cam
sinh trén H*(C') clng vay.

Nhom song phan bac E* duge goi 1a trang thid 7 clia ddy phd. Ta c6 thé xdc dinh
E77 tt E* va vi phan d, dugc cam sinh tir vi phan d cta phic di ddy chuyén trén

r

* ok
Err.
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Dau tién, dinh nghia trang 0 ctia ddy phd 13 phan bac lién két ctia phic dbi day

chuyén
EP9 — GP(C) = FP(CP9) ) FP~L(CPH),

Vi vi phan d cia C* bao toan bac loc nén n6 cam sinh vi phan trén phuc thuong

FrC/Fr—1C
dy : ED? = FP(CPHe) FP-H(COPH) — BRI = pr(opratly prol(ortett,
bit 787 = Ker[dy : EP? — EPT).

Khi d6, E}"* 1a d6i dong diéu cta (Ey™, dy).
Xét day khép ngan

0 — FPF'C — FPC — GPC — 0.

Day khdp nay cam sinh ddy khép dai trén dbi dong diéu

.= HPY(FP10Y) o HPH(FPC) — HPY(GPO) & HPH O (FPO) = -
& day, 0 1a dong cAu nbi. Khi do,

BYt = H'(EY) = 225 + d(2)
voi
ZP" = {x € FP(CP9)|dx € FP~H(CPH71)}.
Vi phan d cam sinh vi phéan
dy : EM = HPH(GPC) & HPH N (FroiC) - BN (Grle) = BV
Bing phuong phdp quy nap, gi4 st £7¢ da dudc dinh nghia

BP9 = {z € FP(CP*9)|dx € FP+T(Cp+q+1)}
" {y € FI(CPT)ldy € P (Ovre)) o dErTr(OreT) AR (Cr )

Khi d6, vi phan d cdm sinh mot vi phéan d, : EP? — EPT™4~"t1 y6i song phan bac
(r,—r+1).
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Chuong 2

Biéu dien day chuyéen cua dong cau
Lannes-Zarati

Trong chuong nay, chiing t6i trinh bay cac két qua vé ham ti Singer, thiét 1ap biéu
dién & mic do diy chuyén ctia d6i ngiu ctia dong ciu Lannes-Zarati modulo p (véi
p 1a s6 nguyén t6 18 néu khong c6 dé cap nao khac) (oM)# trén phiic day chuyén
Singer-Hung-Sum ciing nhu biéu dién ¢ mic do diy chuyén ctia dong cAu Lannes-
Zarati ¢ trén A ® M#, v6i o/-modun M bit ky. Bén canh d6, ching toi phat trién
todn tt liy thira, mot trong nhitng cdng cu hitu hiéu dudc st dung dé€ nghién cttu ddng
diéu ctia dong ciu Lannes-Zarati & Chuong 3. Cubi chuong, chiing t6i trinh bay cac
két qua nay cho trudng hop p = 2 v6i mot s6 diéu chinh thich hop. Cac két qua trong
chuong nay dudc trich tu Chon-Nhu [17, [18]].

2.1. Ham tu Singer

Trong muc nay, ching tdi trinh bay cac két qua quan trong ctia ham ti Singer, céc
két qua nay c6 thé tham khio trong cic tai liéu Singer [55, [56]], Zarati [74], Powell
[53]].

Cho ¥,s 1a nhém ddi xiing tdc dong 1én tdp co s& ctia nhom E, = (Z/p)* va
re @ By — ¥, 1a mot don cAu thong qua tac dong tinh tién. Ky hiéu, Z/p la Yps-
modun tdm thudng cta Z/p va Z/p 1a X,--mddun cta Z/p thdong qua tic dong dau.
bat

Bls] :=1im (H*(BEPS; Z]p) LR H*(BEs; Z/p)) ;

Bls] == im (H*(szs; Z/p) = H*(BE,; T:Z/p)) .
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CAu tric clia #[s] va Bls] dugc cho bdi ménh dé sau day.

Ménh dé 2.1.1 (Mui [49], Zarati [74]).

1. B[s] la mot D[s]-médun tw do dugc sinh bdi
{1 Moo Lp_2+(17—1)[k51}}
y Mgsiq,..igdes

voi 0 <y << <s—1
2. Bls| la mét D|s|-médun tw do duoc sinh bdi
{Lpzl M... . Lng‘f‘(p—l)[g]}
sy diVlsiig i des
voi 0 < < -+ < <s—1.

Cho «7-modun khong 6n dinh M bat ky, Zarati [74] va Powell [53] da dinh nghia

liy thira toan thé (khong 6n dinh) Sty(x1,v1, ..., Ts, ys;m) v6i m € M nhu sau
Sts(x1,y1, ..., Ts,Ys;m) 1= (—1)5[‘2&]1}?'”1‘55(771) € P, ® M.

D€ thuén tién, ta ddt St,(m) := Sty(z1,y1, ..., Ts, ys;m) vaSty(M) := {Sts(m) :
meM} C P, M.

Cho mot «7-mddun khong 6n dinh M, mddun Z,M dugc dinh nghia bdi (xem
Zarati [74])

RM = Bs| - Sts(M") @ Bls| - Sts(M™),

trong d6, M+ (tuong tng, M ~) 1a khong gian con chia tat ca cac phan ti bac chin
(tuong ting bac 1€) caa M. Khi d6, v6i moi s > 0 phép gan M ~» %,M sinh ra ham
ti khép tr U vao chinh né.

Zarati [74, Ménh dé 2.4.6] da chiing minh ri“mg A,M 1a mot «7-mddun con cia
PSLs @ M C P, ® M. Tut d6, ta c6 ménh dé

Ménh dé 2.1.2. Cho o -médun khong 6n dinh M bét ky, #,M chita trong (It M),
Hon nita, dnh xa Z;M — (I't M) dugc cho bdi

ASty(m) = (=1 ALLT D5 (),

vdim € M? 0 vgi 6 = 0,1 la phép nhiing chinh tdc.
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Chitng minh. Cho ASt,(m) € Z,M 1a phan tif thudn nhét, & ddy m € M7+,
Néu |m| = 2n, theo dinh nghia cia Z,M, A € 2[s]. Kéo theo gy € A[s] C
PSGLs c T'f. Do do, theo dinh nghia ctia St,(—) ta c6,

ASty(m) = (—1)""ALP~I"S, (m) = (—1)™ Al Ss(m) € (I M),.

Ngugc lai, néu |m\ = 2n + 1, cling theo dinh nghia cia Z,M, \ € B[s]. Vi
vdy, theo Menh dé | ta cO thé Vlet A dudi dang tdng cla flgl, G day f; € Dls]
Vagl = L 8 hoac gi = Mg, . ,sz 7+ e-Dlz] . Suy ra )\L 8 € %[s] va khi do
AT qry € Bls) C PEH C I'f. Do do,

ASty(m) = (=1 ALP"I" LT S(m) = (=1)""AL,Z q',Ss(m) € (T+M),.
Ménh dé da ducc chiing minh. O

Bo dé 2.1.3. Cho phdn tit thudn nhdt bét ky X thuéc B(s] hodc thuée Bs), phdn tit A
co thé duogc biéu dién nhu sau

—1)i1—e¢ 1\ 2
E CU]U?’ng Jii—er _u;svgp 1)is—e€s néu \ € @[S],
T=(€1,i1,...,€s,i5) €Ly
)\ = (p 1)221 p® 1_61 (p 1)213 1_, |
S A
§ CLJ[’U/l Ul ...USU neu)\EB[SL

I:(El,il,...,es,is)GIV

d ddy wy € ) va tong duoc ldy trén tdp 1, trong do tdp 1, dugc xdc dinh mot cdch
duy nhdt phu thudc vao ~. Hon nita, moi chudi s6 I = (i1, €y, ..., is,¢65) € L, thda

man diéu kién: €, = 0,1,i, > e, vdi 1 < k < sva

2i; — ¢ > Z 2ip(p—1) — Zek,l <j<s,va2ip>p* " néule Bls.
k=j+1 k=2
Chitng minh. Trudng hop A € 2[s]. Theo dinh nghia

(534

p—1+(p—1)[557] 3
Ms;il,...JkLS — Rs;il,...,ikqs70

St dung khang dinh (3) ctia Pinh 1y|1.4.1] ta c6

[k 1] :|:1Efs;i17i2 s R

neu k la so chan,
Rs 7’17 7’qus 0 =

Syik—1,0k

j:RS;ilRS;iz,i:; s Rs;ik,l,ik néu k la so 1é.

Do d6, quy nap tit Cong thiic (T.8)) va (I.9), ta c6 khang dinh cta bé deé.
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p_1 p_1 . v x
Truong hgp A € B[s], suy ra AL;> € B[s]. Do d6, AL, c6 thé dugc biéu dién
nhu 13 trudng hop trén cia bd dé. Hon niia, tur
p—1 Mps—l
LS 2 — fUl 2 - Vs 2

bd dé da dudc ching minh. O

Két hop Ménh dé va B6 dé ta c6 hé qua sau

Heé qua 2.1.4. Cho M € U. Vi phdn tit thudn nhdt bdt ky v = \St,(m) € %M vdi
m € M?"0 (§ =0,1), v ¢ thé dugc biéu dién dudi dang

o : s—1y\_ .
N = Z wI(—l)S”u?vgp D(irnp®™ " )—er uesU(p—l)(zs—l—n)—esSs(qn)7
T=(€1,01,-.,€s,05)ELy
d ddy wy € ) va tong dugc ldy trén tdp I, trong do tdp I, dugc xdc dinh mot cdch
duy nhdt phu thuéc vao ~. Hon nita, moi chudi s6 I = (i1, €y, ..., is,€65) € L, thda

madn diéu kién: €, = 0,11, > e, voi 1 < k < sva

2ij—e;> > 2plp—1) =Y e, 1<j<s va2iy>p Fadus=1 (2.1
k=j+1 k=2

St dung HE qua va Cong thic (1.12)), ta c6 hé qua sau

Heé qua 2.1.5. Vii o7 -modun khong on dinh M bdt ky, phép nhiing chinh tidc %, M —
(TT M), diit twong ving nhiing phdn ti trong %, M vdi nhitng chu trinh trong (I'"M).

D€ xay dung biéu dién & mic do day chuyén ctia ¢, ta can khéo sat mot céch cin
than ciu tric ctia ddi ngiu ctia xay dung Singer. Chd y rang, Kuhn [38] da xay dung
d6i ngiu clia ham tii Singer theo quan diém hinh hoc. O day, ching t6i sit dung cich

tiep can dai so.

Ménh dé 2.1.6. Cho M la mot < -médun khong én dinh, %M c6 mét F,-co sd duge
cho boi

v = {R(sf,loqg}o T Rg;ss—lqgfs—lss (m)}
Vi moi m chay khdp mét co sé thudn nhdt ciia M, oy, € {0,1}, 5, € Z, ji, > 0,2 <
k<sva2j+o1+--+0s>|m].
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Chiing minh. Pau tién, st dung két qua cia Mui [49, Pinh ly 4.17], dé thiy ¢ chia
trong Zs M.

Tu dinh nghia, v6i bat ky x € %Z,M, x c6 thé dude viét dudi dang z = \St,(m)
v6i m nao do, § day \ € Z[s| néu |m| = 2n va X € B[s| néu |m| = 2n + 1.

Néu |m| = 2n thi = ¢6 th€ dugc viét dudi dang z = (—1)*"Agl;Ss(m), trong d6
A € Bls].

Mit khac, theo két qua ctia Chon [[16, Ménh dé 3.4], #[s] c6 mot F,-co s& bao
gdm tit c4 cac phan tir

Rgloqglo R 1qs s—1

Vvéior €{0,1},71 €Z,jx > 0,2 <k <sva2j+o,+ -+ 05 >0.Dodo, zcd
thé dugc viét nhu 12 t3 hop tuyén tinh clia cac phan ti trong €.

Nguge lai, néu [m| = 2n-+1 thi = 6 thé dugc viét bdi = = (—1)"AL.Z ®*Vg (m),
trong d6 \ I té’ng cﬁa Fig: Vi f; € D[s]vag; = LT holic gi = Mz, s LoZ T ¢~ DIE)

Néu g = .7 thi figL.? @™+ = fig"t". Do d6, f,g:S,(m) c6 thé duge biéu
dién nhu 12 t6 hgp tuyén tinh clia cac phan tif trong €.

Néu g, = My, La® 1% thi

L(2n+1 n+[%]

)
fZgZL 2 - fZRSZl, 7qus()

Do do, theo Chon [[16, Ménh dé 3.7], f;9:Ss(m) ciing c6 thé dugc biéu dién thanh
t6 hop tuyén tinh ctia nhitng phan tif trong €.

Suy ra, ¢ 1a mot tap sinh cia Z, M nhu la mot F)-khong gian vécto.

Ciing theo két qua ctia Chon [16, Ménh dé 3.7], dé dang kiém tra dudc tap hop nay
doc 1ap tuyén tinh.

Ménh dé da dugc chiing minh. [

Nhu vay, véi mot <7-moddun khong 6n dinh M, x4y dung Singer %, M 1a </-mddun
con ctia A[s]-S, M. Do d6, khi 1iy dbi ngiu, (%, M )* ding cAu v6i mot modun thuong
clia R, ® M7#. D€ xéac dinh ciu tric cla (%, M)*, ta can céac két qua sau.

C6 dinh mot s6 nguyén khong am s, véi mot sd nguyén khong am bat ky n, dit
7, 1a tap hop tht ca cac day chip nhan dugc [ = (e, iy, ..., ¢€s,15) théa e(l) > n;
va dit ¢, la tap hop tht ca cac day J = (oy,71,...,0%, js) thda man diéu kién
0, €{0,1}1<k<s,j1€Z,j,>02<k<sva2jj+o,+-+0os>n.
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Bo dé 2.1.7. Anh xa ¢, : _#,, — ., duoc cho bdi

¢n<017j17"'708aj5) - <€17i17"'a6877;5)7
d ddy €, = o va
s—k—1
ik =0 (1 + o+ e ox) F Z Dkttt + Thrern),
t=0

voi 1 < k < s, la mot song dnh.

Chitng minh. Theo Hung-Sum [33, Lemma 3.19], d€ chting minh bé dé ta chi can
chiing minh trdi ctia 7 khong nhé hon n. Diéu nay dugc suy ra ngay 1ap tic vi e(I) =
2] +o1+---+ 0. []

Cho mét «7-modun khong 6n dinh M, véi mot phan i thuan nhit ¢ dinh m € M,
ta dinh nghia mot quan hé thi tu trén tap hdp cac don thic

{uolP VT sy i G () s (e, dy, . Esy i) € I}

theo quy tac

ey, (P=Dis=er | esp (p-1)is—es g (m) > e, (p=Dir—er e (p— 157655 (m)
uit vy us v, s(m) > uj'vy usvl
néu va chi néu (ey, 141, . .., €, 15) > (6,4, ..., €, 1.) theo thi tu tit dién tréi.

Dua vao két qua ctia Hung-Sum [33, Lemma 3.11], ta ¢

B§ dé 2.1.8. Cho mot A-modun khong én dinh M, véi phdn tit thudn nhdt bdt ky m €

M, cho (o1, 1,05, Js) € Flm| va (€1,01,- ., €s,05) = (01, J1,- -+, Ts, Js).
Khi do,
Ro'loqglo RO'S 1qs . 15’ (m> — uilvipfl)i3761 L. ugsvgp—l)is—es Ss(m)

+ don thitc nho hon.

Ta dong nhit 2, M véi &nh ctia n6 trong R¥ @ M qua anh xa v (xem dinh nghia
ctia vM trong Myc|[L.5). Qua phép ddng nhét nay, d6i ngéu (%, M)* dugc xem nhu la
mot «7-modun thuong cia R, ® M7,
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Ménh dé 2.1.9. Cho mot of -médun khéng én dinh M, tap hop tdt cd cdc phan nit
Q[ ®€ — BesQil .. _/BESQiS ®£

biéu dién mot F-co sd ciia (%:M)¥# véi I € 9 va £ chay khdp co s thudn nhdt cia
M?,

Chitng minh. Dit B 1a co sé thuan nhit cia M va B7 1a co sé dbi ngau cuia co sS B.
Véi ¢ € B batky théa min £ = m*, m € B, theo B3 dé

(Bobal - R aahi 1 Sum), B2Q" - QP @ )

:I:lv ¢|m‘(0-17j17' . '7057j8) - (6177217 .. '7687i5);
07 ¢|m\(0-17j17"'70-87j8) < (617i17"'7681i8)'

Do d6, tap hop tit ca cac phan th Q' @ £ = f<Q --- f<Qé R V6i I € J bi€u
dién mot tap doc 1ap tuyén tinh cla (%Z,M)#. Suy ra, tap tit ca cdc phan ti Q' ® ¢
véi l € B val € %, la mot tap doc 1ap tuyén tinh.

Tit B6 dé[2.1.7) s6 phan tii ctia tap hop trén bang véi sb chiéu ctia Z, M.

Ménh dé da dugc chiing minh. O

RG rang, phan ti QY ® ¢ € R, ® M7 thda e(I) < |¢| dai dién cho mdt phan
td tam thudng trong (%M )*. That vay theo Hé qua 2.1.5, phan ti thuan nhit ~ bat
ky trong %, M déu c6 thé dugc biéu dién bdi mot td hop tuyén tinh clia nhiing don
thic uilvyg_l)il o -u?vgp_l)isSs(m) véi (€1,i1,. .., €, 1) 12 ddy chip nhan dugc va

e(€1,11,...,€s,1s) > |m|. Do do, <’y, Q! ®€> =0 véimoiy € Z;M.

2.2. Biéu dién & mic d¢ diy chuyen cia dong cau Lannes-
Zarati

Dé& khdo sit dang diéu clia dong cAu Lannes-Zarati modulo p véi p 18, dau tién
chiing t6i xay dung bi€u dién & miic do day chuyén ctia () )# trong phiic diy chuyén
Singer-Hung-Sum va sau d6 1a biéu dién & miic do day chuyén ctia ¢, trong dai s6
Lambda.

Biéu dién & miic do day chuyén cia () )# trong phiic day chuyén Singer-Hung-
Sum dudc cho bdi dinh ly dudi day.
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Pinh 1§ 2.2.1 (Chon-Nhu [I7, Dinh Iy 3.1]). Véi o7-médun M bét ky, dong cdu
(eM)# . B M — (I'F M), dugc cho bdi

(s—2)(s—1)
2

v = (=1) ¥

la don cdu va la biéu dién é miic do ddy chuyén cua doi ngdu ciia dong cau Lannes-
Zarati (pM)#,

Dua trén cach xdy dung dong ciu Lannes-Zarati (Muc [1.3)), ta c6 d6i nglu ciia
ddng chu Lannes-Zarati modulo p (¢ )# dugc cam sinh bdi anh xa (pM)# = = Mo
(as(EM))7' 2 B M — Tor? (F,, X' *M)(xem (T.4)). Do d6, d€ ching minh
Dinh ly ching t6i xay dung biéu dién & mic do day chuyén ciia (o, (XM)) 7! -
S@M — 7,(SM).

Cho phan ti thudn nhit v = A\St,(m) € %M, v6i m € M**. Khi d6 theo
Ménh dé va Hé qui[2.1.4] + c6 thé duge md ta bsi

= Z wl_(_1)snuilvgpfl)(iﬁnps_l)*ﬁl ... uGsv(p—l)(iern)—esSs(m) e (F+M)s,

S S

6 day wr € Fyval = (€y,11, ... ,€,15) thoa diéu kién (2.1)) va Z, dugc xdc dinh mot
cach duy nhat phu thudc vao 7.

7 = Z wl(_l)snuilUﬁp—l)(il—&—npsfl)_el . uesv(p—l)(is+n)—esss(Zl—sm)

c (T2 M),.

Viju| = 1vaju| = 2v6i 1 € Z, nén tong €; + - + ¢, = degy + 0
mod 2. Do d6, qua dang ciu X'=*(I't M), — (['*X'=*M),, anh ctia ¥'~*7 bing
véi (_1>(s—1)(deg7+6)7.

Vi phan ti v & trén, ta ciing dinh nghia cc phan t¢ 5 € B, (o7, .o/, X M),
X(y) € Bs(o, o, 35 M) vaY () € Bs(Fp, o/, 5175 M) theo v nhu sau:

:)// = Z (A)[(—l)e(l)
1€Z

xﬁl—elpil—&—npS*l[ﬁl—egpig—&—nps*ﬂ . |Bl—espis+n]21—sm e BS,I(JZ%, %, El_sM),
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NOEDIC

I€T,

% [61—61 Pil—i—npsfl |61—62Pi2+np372| . |61_63Pis+n]21_8m c Bs (ﬂ7 d, ZI_SM),

va

V() = 3 w11

IeT,

% [61—61 pi1+np571|

gl Pl | gl P St € B(F,, o S0 M),

Gdaye(l) =€ +i1+ -+ + €5 + is.

Dé thiy X (7) dai dién cho phan ti khong tim thudng trong 2B, (7, o/, X1 M).
Hon nita, phép chiéu chinh tic B, (<7, o/, X' "*M) — B.(F,, o, %'"*M) dit tuong
ting phan ti X (¥) v6i phan ti [1 @, X (7)] = Y (7).

Biéu dién & miic do day chuyén clia anh xa (a4 (XM ))~! dudc cho bdi ménh dé
sau day.

Ménh dé 2.2.2 (Chon-Nhu [T7, Ménh d& 3.2]). Vi o7 -médun M bét ky, dnh xa
VM SR M — DB (o, of ST M)
duoc cho bdi

Sy (—1) (e X ()]

la biéu dién ¢ miic ddy chuyén cia dong cdu
(as(SM)) L BB M — 2,(X T M).
Chiing t6i s& ching minh Ménh dé[2.2.2]8 Muc

Chiing minh Dinh I¥[2.2.1] Theo Ménh dé suy ra (@)# 1a mot don cAu.
P& chiing minh dinh 1y ta cin chiing minh biéu d6 sau day giao hodn.

si=so(gM)#oxn !

Y%, M¢ »1-s(Tt M), = (TtR1-s M),

WM sl=syy
S LS

9B,(of, o, X1 M) By(F,, o, X175 M).

~y1l—s
o
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O day anh xa diy chuyén

oo —— PBy(o, A, S M) —— DB (o, A, VM) — - -

~yl—s 72173M
J/ZE M J/Zs—l

o —— By(F,, o/, S M) —— B, 1(F,, o, S5 M) —— - -

dudc cho bdi
ZTM(2]) = 1 @ 7]

12 mot biéu dién & miic d6 day chuyén clia 4nh xa
2M L g (SEM) — Tor? (F,, S5 M).
Tur dinh nghia ctia X (¥) va Y (7), dé dang ki€m tra dugc

EUMIXA)) = 1o, XF)] =Y.

Mit khc, tif Ménh d&[2.2.2/suy ra =M (S7) = (—1)“ 22 +6-Ddes1+9) [ x ()],
Diéu d6 c6 nghia 1a (p¥)# : ¥%,M — Tors (F,, ©'7*M) (xem biéu do (L.4))
dugc bi€u dién bdi dnh xa dit tuong dng phan ti Yy trong X.%,M v6i phan ti
(—1)" =5+ (=D 1+ Y () trong By (F,, o7, 515 M).

Hon nita, trong B,(F,, A, X'"*M), vi phan t& Y (¥) 1a &nh cta 7 duéi don chu
EUM (DRI M) — By(F,, A, M) (xem (T13) va (T.14)) va dong chu
thii 2 ctia hang dAu tién bién X.!~%y thanh (—1)~D(d67+9)5 ngn biéu dd & trén giao
hoan.

Dinh ly da dugc chiing minh. ]

V6i M = F, véi p 1a s6 nguyén t6 18, Zarati [74] da chi ra rang Z,F, = %[s]. Do

do, ta c6 hé qua sau.

Hé qua 2.2.3 (Chon-Nhu [17, Hé qua 3.3]). Péng cdu (3s°)# : Bls] — Tt duge
cho bdi

(s—2)(s—1)
2

v = (=1) v

NP ISy I / A ga A 2 A z 2 A £ . F
la biéu dién & miic dé ddy chuyén cia dbi ngdu ciia dong cdu Lannes-Zarati (os”)7.

Miit khic, R, ding cAu v6i Z[s]* nhu 12 mot «7-ddi dai s6 (xem May [[19, Phan 3
Chuong 1), trong d6 .7 —tac dong trén R, dudc din xuat tif cac quan hé Nishida.
Do d6, 14y dbi ngau ctia Hé qua ta c6 ménh dé sau day.
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Ménh dé 2.2.4 (Chon-Nhu [[17, Ménh dé 3.4]). Pong cdu @fp : Ny — R duoc xdc
dinh boi

Ao (1) Q!

NPRY TS IS N A IA A 2 A A . F
la biéu dien o0 miic do ddy chuyén cua dong cau Lannes-Zarati ps”.

Day 1a cdng cu chinh dé€ nghién citu déng diéu ctia dong cAu Lannes-Zarati modulo
p s’
Liy dbi ngiu ctia Dinh Iy ta c6 két qua sau day

Ménh dé 2.2.5 (Chon-Nhu [18, Ménh dé 3.7]). Vi o7 -médun M bét ky, dong cdu
oM N, @ M# — (% M)¥ duoc cho bdi

(s—1)(s—2)
2

Ar @ L (—1) Q" ® (]

la mét biéu dién & miic do ddy chuyén cia déng cdu Lannes-Zarati oM.

Ménh dé nay 1a trudng hop tong quat cia Ménh dé 2.2.4 dbi vé6i trudng hop 7 -

moddun khong 6n dinh bat ki.

2.3. Ching minh Ménh dé2.2.2

Muc dich ciia phan nay l1a ching minh Ménh dé trong Muc Y tudng
chinh dé chitng minh ménh dé nay 13 dua vao phuong phap ctia Lannes va Zarati [72],
[74].

V6i bat ky M € U, tit ddy khép ngén
0P M Y2 P M — XM — 0,
ta thu dugc diy khép ngan ctia phiic diy chuyén

0—B(o, o, Y PLoM)—B(o, o, X2 PR M)— B(o, o, X' " M)—0.

Dé dang kiém tra dugc day khép & trén cam sinh day khép ngan sau diy (& day
E(—) 1a ham t& dugc dinh nghia trong Phén

0—FEB(o, o, %2 PLOM)—EB(o, o , X* *PQM)—FEB(o , o , 2175 M)—0,
(2.2)
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Liy dong diéu, ta c6 dong ciu nbi
61(32 M) : Hy 1 (EBs (o, o, 5 *M))—H, 2(EBs_o(, o/, X* *PL@ M)).
Bing l4p luan tuong tu, ta c6
(5P @ M) H(EB.(of, o, X P, M))
— H, ((EB.(o, o, 5" Py @ M)),

voi0 <i<s—2,6day Py = F,.
Véi «7-mddun N bit ky, tit dinh nghia ctia ham t 2, ta nhan dudc diy khép ngan
clia phic day chuyén

0— EB(o, o ,N)— B(o,o,N)— 2(B(o, o, N))—0.
Véi s > 1, vi B(«7, .o/, N) acyclic nén dong ciu ndi
8, : 24(N) = H, (EB(«, <, N)) (2.3)
12 mot dang cAu.
biat N = ¥'7*M, ta nhan dudc biu d6 giao hoan sau day
2,21 M) —2 9, (2P M) 2 9 (P @ M)

Hy 1(EB.(S'"°M)); Hy o(EB.(S**PL@ M) -+ Hy(EB.(Py 1 ® M)),

1
& day, dé thuan tién trong biéu do nay ta ky hiéu B, (<, <7, N) bing B,(N).

Tt bi€u do, dong ciu a, (X M) c6 thé dugc tinh todn nhu sau
as(XM) = a1 (B3P, @ M) 00, 0 01(Psg @ M)o---06,(X**M) o 0,.

Dit 651 == a1(BPs 1 ® M) 0 97 0 81(Ps o @ M) o -+ 0 §;(X?7*M), khi do
OJS(EM) == (55_1 e} a*

V6i phan tif thuan nhét bat ky v = \St,(m) € Z,M C (I'"M), trong d6 m €
M?9(§ = 0,1), ta cb dinh céc ky hiéu 7,7, X (7) va Y (5) nhu trong Muc

B§ dé 2.3.1. Phin tit5 € EB,y_1(of, o/, 21" M) C B,_ (o, o, ' M).
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Chiing minh. Trong By (<7, o/, %175 M) duéi tac dong clia o7 ta thu dudc

T = 3 (1) g pt (gl plmt | gl ple sty )

Do d6 theo dinh nghia ctia F(—) d€ chiing minh b dé trén ta chi can chiing minh

S

2(ir+np" )+ (1—e) > Y Q2ix+np* F)p—1)+(L—e))+(1—5)+(2n+5).

Vi 2np*~! = 2n(p — 1)(p*~' +-- -+ 1) + 2n nén bit ding thic trén tuong ducng véi

S

2i1+1—61>22ik(p—1)—26k—1+5.

k=2 k=2
Bit dang thiic cubi cuing dudc suy ra tir diéu kién (2.1)). O

Bo dé 2.3.2. Phdn tit (X ()] la mot chu trinh trong 9 B,(<7 , «f, ©'~*M). Hon nita,
qua déing cdu 8, - 2,(SV M) S Hy_(EB,_(o, o, S5 M),

Chitng minh. Tu (L.14)) va (T.13)), trong B,(F,, </, X'"*M), Y (J) la anh ctia phan t4

5 = Z wl(_1)snuilng—l)(il—i—nps—l)—q . .ugsvgp—l)(is—i—n)—esSg(zl—sm)
Iez,

si=s M
5 .

St dung Cong thiic (T.12), trong (I'" X5 M),

qua don cau ¢

6(7) _ Z wI(_1)5n+deg'_y+5+1+is+n

I€T,

er (p=1)(i1+np*~H—e; €s—1_ (p—1)(is—1+np)—es—1 1—es pis+nyl—s
X ul Ul AR Us_l US—]. Ss_l(ﬂ SP s Z m).

T diéu kién suy ra2(is+n)+1—es > |m|. Vi M 1a mddun khong 6n dinh nén
Bl pistn(sl=sm) = (1)~ DU-e)yl=s(gl=c pistny) = (. Do d6 7 1a mot chu
trinh trong (I35 M), suy ra Y (¥) ciing 1a mot chu trinh trong B, (F,, o7, X175 M).
Ta ky hiéu 0 1a vi phan trong B,(F,, o/, X' *M) = F, ®,, B.(o/, o, 37 M)
dugc cém sinh béi vi phan 0 in B, (7, o/, X175 M).
Trong B, (o, o, X5 M), t suy ra

A(X(7H) =0(Y(H) +7. (2.4)
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Chu y rang, B,(F,, o/, %'~*M) 1a mot khong gian con cla By(«, o7, %17 M) nhu
céc F,-khong gian vécto. Do d6 phén td 9(Y (7)) c6 thé dugc xem nhu 1a mot phan
th trong By(o/, o7, X175 M).

Vid(Y(7)) = 0vay € EB, 1(o,o,% M) nén trong ZB,(A, A, X1 *M)
I([X(H)]) = [0]. Khi d6, [X (7)] 1a mdt chu trinh trong 2B, (<, o/, X1 *M).

Phan ti [X (5)] 12 nghich dnh cta phan ti X () trong B,(«7, o/, 317 M). Theo
suy ra

B§ dé dudc chitng minh xong. O

Nhic lai, anh xa 81 : Hy (EB,_ (o, o/, S 75 M)) — Zo(XP, ® M) dudc
dinh nghia béi

651 =a1(EPs 1 @ M) 00 0 81(Pyy @ M) o--- 08 (57 °M).
B& dé 2.3.3. Anh ciia V] € Hy 1 (EB,_1(, o, %5 M)) qua 651 ditoc cho bdi
5 1([F]) = (—1) ERH DO [50] € go(5P, @ M).

Chiing minh. Theo B& dé

2

i _ Z wl(—1)6(1)61_61Pi1+nps_1 [Bl—ezpig-i—nps_ | . wl—espis-&-n]EI—Sm

€T,

12 mot chu trinh trong EB,_ (<, </, %' "*M). Theo diy khdp ngin (2.2), 7 dudc
nang lén thanh y € EB,_ (o, o/, X2 5P ® M) véi

y = Z w[(_l)e(l)ﬁl—ﬁl Pi1+nps_1 [61—62Pi2+nps_2| .. |ﬁ1—és Pis+n]22—sxsys—1 Qm.
I€T,

Khi d6, trong EB,_y(o/, o/, X2 5P ® M)

O(y) = 3 wr(~1)00
IeT,

> 61—61 Pi1+np571 [61—62pi2+np572| e |51—65—1pis—1+np]ZQ—SBl—esPiSJrn(Isys—l ® m),

Gdayn(l) = (s —2)+ e+ -+ €1+ (s — 2)¢s.
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Do d6, 6;(X27*M)([7]) bing véi

Z wy(—1)"DFed

IeT,

« |:/81—61 Pil—i—npS*l [Bl—egpig—i—npsf

2

[ |Bl e Pl )R gl Pl gy @ m) |

Bing cich quy nap, suy ra anh ctia [J] qua 01 (P, ® M) o---06;(%27*M) bing

2= D =

I€T,

% [61_61 Pi1+nps_1 [ ]BI—EQPZQ-HLPS_Q (x2y2_1 RN (ﬁl_ESPiSJF"(IsyS_l & m)) o ) )

dday fr=e(l)+(14+---+5s—2)+ (s —2)(e1 + - + €).
Dé thay

0.1(:) = Y wr(=1)r

I€T,

x |81 P gl P gy L (B P gy ) )
Khi do

(P @ M)(07'(2) = D wi(—1)"

IeT,

v [Zﬁl61Pi1+"ps_1(x1y11(ﬁ162Pi2+nps_2 <x2y2*1 ... (51*65Pis+n(%y;1 ® m))))) ‘

St dung B dé suy ra bd dé ducc chiing minh. O

B6 dé 2.3.4. Cho

1

v = Z wI(_1)snu<i:1,0§p71)(i1+nps— )—er uesv(p—l)(is—i—n)—esss(m) € BM C (F+M)s,

S S
IeT,

trong do m € M?**0 (§ = 0,1). Khi do

X 61—51 Pil-i-npr1 ($19f1(61_62pi2+np572 (1’292_1 U (ﬁl_espis+n($sys_1 ® m)))))

Chiing minh Ménh dé Két hop BS dé va B6 dé[2.3.3, Ménh dé duoc

ching minh. []
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P& chiing minh BS dé 2.3.4] ta can cac két qua dudi day

B6 dé 2.3.5 (Hung-Sum [33]). Cho H*BE; = E(z) @ F,[y] va m,n € M véi M la
o -dai sé bat ky. Khi do, ta cé

1. Ss(mn) = Ss(m) - Ss(n);
2. Ss(x) = (=1)*usy1;
3. Ss(y) = (=1) vspr.
Heé qua 2.3.6.
1. S1(u;) = —uiy;
2. S1(vi) = —vis1.
Bay gio, ta chitng minh BS dé

Chitng minh B6 dé[2.3.4] V6im € M?*"* vi didukién @.I)nén 2(i,+n)+1—e, >
degm = 2n + §. Vi thé,

ﬁlfespiern(xsy;l ® m)
:xgsygpfl)(iﬁn)fes Z ( 1)n+zs+z+e gys (p—1)i— €®B€PZ( )

i>0
e=0,1

= (1) g S (m).
Bing 14p luan tuong tu va st dung BS dé va Hé qua2.3.6} ta c6

61765,1Pi371+np(x8_ ysfllﬁlfespiyrn(xsy;l ® m))
_1)zs+nﬁl €s—1 Pis— P (g ] 1 ® U ,Ug )(is+n)—6s51(m))

(
(_1)n+np—|—zs—|—zs 1.€—1, (P—1)(is—1+np)—€s—1

= Ls 1Ys1
X Z (—1)"*Faf_ 13/8( @ BPH(uf vg )(iS’Ln)_ESSl(m))
— (_1)n+np+is+is 1 Zs 11y£p 11)(25_1+np —€5— 1S (U1 Ulp 1)(is+n) esS ( ))
— (_1)n+np—|—is—|—is 1 ZS 11y£p 11)(1371+np)—6571 Sl (ulsvip 1)(is+n) —es)Sl(Sl (m))

ndnp+is_1+is, €s—1, (P—1)(is—1+np)—es—1_ es (p—1)(is+n)—es
(1)t Ty ’ T Uy vy Sa(m).
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Bing phuong phap quy nap, ta dudc

Z wl(_1>i1+~-+is

I€T,
% 51—61Pi1+np3*1(xlyl—lﬁl—espiﬁnps’?(:1;23/2—1 . 51—espis+n(x8ys—1 ®m)))
. s—1 .
_ Z wI(_l)snu?vgp—l)(u-&-nP )—er u?vgp—l)(zs—&—n)—esss(m) = .

B§ dé da dudc chitng minh. O

2.4. Toan tu luy thua

Trong phan nay, chiing toi phat trién céc toan td liiy thifa, cic todn tif nay 12 cong
cu hitu hiéu dé€ nghién cttu ddng diéu ctia ddng cAu Lannes-Zarati modulo p & Chuong
3.

Vao dau nhitng nim 60 Liulevicius [41]], [42] da ching minh sy ton tai ton tit 1iy
thura

Sq° : BExt®s T (Fy, Fy) — Ext®2C (R, Fy).
Todn tit S¢° dudc goi 1a todn ti Squaring c6 dién.

Hung [26] da x4y dung todn ti squaring trén d6i ngau ctia dai s6 Dickson P(Fy®qr,
H,(BE))

Sq° : P(Fy ®cr, Hi(BE))g— P(Fy ®@cr, Hi(BEy))@d+ts)-

Sau d6, Hung [27, Pinh ly 1.3] da chi ra ring todn ti squaring Sq° trén P(Fy ®¢r.
H.(BRE,)) giao hodn véi toan ti squaring c§ dién Sq° trén Ext®***(F,, Fy) qua dong
cAu Lannes-Zarati modulo 2 ¢2. Toan tif nay dugc Hung-Tuin phat trién trong [34].

Céac két qua cuia Liulevicius [41]], [42] va May [46] ciing da chiing minh su ton tai
cua toan tu Iy thura cho trudng hop p 1€

PO Ext® H(F,, F,) — Ext*PCH(F, F,).
Biéu dién & muc do diy chuyén cta P trong A dudc cho bdi

~0 €1 NS
PO A =q e ,
0, cac truong hgp khac.

61:"'265213
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A A . 2 ~0 A N o ) 2 . 2 2, . A .
Bo de 2.4.1. Todn tu P khéng lam tdng trdi cia cdc phdan tit trong \. Do do, ton tai
2 ~ “ A \ ~0 - A A . A 2.
mot todn tu, ky hiéu la P, tdc dong lén dai so Dyer-Lashof R duoc cho boi

6€1Qpi1 .. _/865@[)7:37 €1 =+ = €4 = 17

0, cdc truong hop khdc.

750(551621'1 L 665Qis) —

Chiing minh. DE chiing minh bd dé ta chi can ching minh néu \;, _; - -+ \;,_; ¢6 troi
am thi Ay, 1 - - - A\p;,—1 cling ¢O trdi &m voi s > 2.

Bing cach kiém tra truc tiép, ta c6

e(Mpin—1++* Apiao1) = 2pin — > 2p(p — )i + (s — 2)
k=2

=p-e(Xi—1-Ai-1) = (p— 1)(s — 2).
Do do, néu 6()\2'1_1 s )‘is—l) < 0 thi €(>\pi1—1 s )\pis—l) < 0. []

2 A . 2 ~0 . s A 2 v . A
Bo deé 2.4.2. Todn tu P tuong thich voi tdc dong cua <7. Ddc biét,

PU((BOQ1 -+ Qi) PRY = (P (BQ™ - - 5= Q)) PP, (2.5)

Chiing minh. DE chiing minh bd dé trén ta chi can ching minh b3 dé diing trong
truong hgpe; = -+ = €5 = 1.

Ta chiing minh bang phuong phap quy nap theo s.
V6i s = 1, dé thay

A B CV AR

= o (PTIETI T agr

va

(p—1)(pi — pk) —1

PP = st = ap (I

)ﬁ@mﬂﬁ

Vi (—1)pk(PmDErh =ty = (—1)k(=DE=H=1 mod p, b6 d€ ding véi s = 1.
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Gia st bd dé ding véi s > 1,
PU(sQ" - 5" PY
_7 (Z(—n’“t (P70 e ﬁ@is)pt)

- k —pt

+ 730 (Z(l)k+t ((p _kl)_(i;t__kl) - 1> Qil—k+t(6Qiz e ﬂQis)5Pt>

— Z(_l)k+t ((p - 1)}{(2 ;tk’) - 1) BQp(il—k—i-t)(BQpiz . ﬁQpis)Ppt,
t

Mat khac,
(No(ﬁQil - BQ™)) PP = (BQP™ - - BQVs) PPE

=S (TR e s g p
J

D (T L e
J

(1) <( . j . 1) BQPI(BQP - BQY) P!

Néu j khong chia hét cho p thi (p — 1)(piz — j) — 1 = j — 1 mod p, trong khi
j—pl =4 mod p. Do do,
(6QU™ - Q)P

— Z(_l)jJrf ((p - 1);pj2p; f) - 1) BQpiQ*jJrf(BQpig . BQpis)Pé
J

g ) Lo e
J

( )J+€ <( 1)](]912]; E) o 1) ﬁsz—jM(BQms - BQpis)Pz
Suy ra,
(P'(5Q1 - Q) PP

— Z(_1>k+t ((p - 1)(21 - IC) - 1) BQp(ilkart)(ﬁQpig . ﬁQpis)Ppt.

B§ dé dugdc chiing minh. O
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) ~0 ) ) . s

Néu (Q1)B = 0 thi (P (Q1)B) = 0 véi Q' € R. Két hop két qua nay véi BS dé
~0

2.4.2|suy ra todn ti P cdm sinh mot todn t liy thita trén (F, ®., %Z.F,)? va todn t

nay ciing dudc ky hiéu 1a P°.

Ta biét ring H, (BZ/p) ¢6 mot IF,-co s& bao gdm tt ca cdc phan td c6 dang
{at : e =0,1,t > 0,t+€> 0},
trong d6 abl’! 1a dbi ngdu ctia zy' trong H*(BZ/p). Hon nita, H,(BZ/p) ¢6 cu tric
cua «/-mddun phai v6i «7-tac dong dudc cho bdi

ol ge pr — (t —(p —kl)k - 6) aeplt— -1k 2.6)

va 0 tdc dong mot cach tam thudng 1én a véi 0 € <7, trong d6 <7 12 idéan bd sung cla
.

Nhic lai, ky hiéu A 1a dai s6 Lambda. Khi d6, A ® H,(BZ/p) 1a phiic thich hop
dé tinh Ext**(H*(BZ/p),F,). Vi phan ciia A ® H,(BZ/p) dugc cho béi, véi A € A
vah e H,

dA® aeb[t]) =d()\) ® ab L Z degz\+ (1-0)e
i—6>0

X (t - (- 1‘)11 - 5) )\)\?_1 ® qH10plt=(p=1)i=14d] () 7y

1

Dinh nghia todn ti ¢ : H; — H,;41)—1 dudc cho bdi

b+ -1]

Y(ab!) = ’
0, e=0
Toan i nay 1a dbi ngiu cuia toan ti Kameko [36] (xem Minami [48] cho trudng
hop p 1a s6 nguyén t6 18). Vi (¢(abl! P?) = (1(abl")) PP nén ton tai mot todn tt, cling
~0 R ~
dugc ky hiéu la P, tac dong 1én phic diy chuyén A ® H,.(BZ/p), dugc cho bsi

e @abl Apin—17 7 Apiy 1 @ abPHD= ey ==y =e =1,
is—19a
1 0, cac truong hop khac.

N1
2 ~0 ~0
Cuodi cung, toan ti P giao hoan véi vi phan dugc cho trong (2.7). Do d6, P cam
sinh mot todn tit ciing duge ky hidu 1a P° tac dong trén Ext®* (H*(BZ/p), F,).
~0 ~
Tuong tu, toan td lay thtra P tac dong 1én A ® H,(BZ/p) cing cam sinh mot
todn tit liiy thita trén (F, ®.,, %, H*(BZ/p))* va toan ti nay ciing dugc ky hiéu 1a P°.
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Ménh dé 2.4.3. Biéu do sau day giao hodn

Ext®* (M, F,) —2— Ext*?C+) (M, F,)

wé”l wé‘”l

(F, ®., %’SM) (IF Ry R M) P(s)—s

véi M = F,va M = H*(BZ/p).

Chiing minh. Trudng hop M = H*(BZ/p)

o . 2 . n SN . . =0 O ~H*(BZ/p) _. .
bé ching minh khang dinh trén ta chi can chiing minh P va @, giao hoan
~0 R
v6i nhau. Hon nita, theo dinh nghia cua cac P , ta chi can ching minh cho truong hgp
A AL @ ablt

7,11

Tt Ménh dé 2.2.5| dé dang kiém tra dudc

P (B (]

i1—1"

)\1 U ® ab[t])) ot (BZ/p)()\l

1 )\Iln,Sil ® ab[p(t+1)—1])
= (-1)

(=1)(s=2) 1)(3 2 [6sz1 . ﬁQpis ® ab[p(t+1)_1]]
2.8)

~0 7= ~0 (s—1)(s—2) i i
PR N @) = P TER (0" 50" o )

_ (_ )(s 1)(s [BQPH' 'BQpis ®ab[p(t+1)—1}]

(2.9)
~0 7%
Tirvé2.9 suy ra Qs 2B’ _ p G (BL/p)
Trudng hgp M = FF,, tuong ty ta chi can chiing minh cho trudng hgp A} 1 )\2-15_1,
taco
QZEP(P ()\“ 1° )‘zs 1)) N]FP(Azlnl 1° )‘]1723 1) (2 10)
(s=1)(s=2) ; s :
=(=1) [BQ™ - BQ™]
~TF 1 1 ~0 (s=1)(s—=2) 1)(s i i
P@E (M, AL ) =P ((-1) 1BQ™ - Q")) o
(s— 1)(5 2) 7 i )
= ()T 5,
Tu2.10{va2.11|suy ra gos”P —P N]Fp.
Ménh dé dugc chiing minh. [
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2.5. Truong hgp p =2

V6i p = 2, dai s6 Lambda A dudc sinh bdi cdc phan ti \; bac i véi ¢ > 0 thda méan
cac quan hé¢ Adem

t—j—1 L
/\z/\j = Z ( 2% _ ))\H—j—t)\t? 1> 2]

t
Do d6, mot don thiic A\; = );, - - - \;, € A, dudc goi 1a chap nhan dudc néu iy, < 21y,
v6i 1 < k < s. Troi cua A\; hoac I dugc dinh nghia béi

6()\]) :6<I) :il—iz—---—is.

Dai s6 Dyer-Lashof R 1a dai sd thuong ctia A sinh ra bdi idéan (hai phia) cta A
dugc sinh béi tat ca cac don thiic c6 troi Am. Ta ciing ky hiéu Q' 1a anh ctia \; duéi
phép chiéu chinh tic.

Do d6, Ménh dé va Ménh dé tuong ting trd thanh cidc ménh dé sau.

Ménh dé 2.5.1. Cho mot o/ -médun khong on dinh M, tdp hop tdt cd cdc phdn ni
Q! ® ( biéu dién mot Fo-co s6 ciia (%M )7 véi { chay khdp mot co sé thudn nhdt ciia
M#, I la chdp nhdn dugc va e(I) > |{].

Ménh dé 2.5.2. Cho mot of -médun khong én dinh M, phép chiéu
oM Ny @ M* — (7 M)

duoc cho bdi
/\]®€—>[QI ®€],

la mét biéu dién & miic do ddy chuyén cia déng cdu Lannes-Zarati modulo 2 oM.

~ —0

V6i M = Fy va M = H*(BZ/2), cic toan td Steenrod Sq tac dong trén A @ M#
cam sinh céc todn td tac dong trén (%, M )* . Hon nita, nhiing todn t nay cadm sinh cac
todn tit Sq° tic dong trén mién xdc dinh va mién gid tri clia dong cAu Lannes-Zarati

modulo 2.

Ménh dé 2.5.3 (Hung-Tuén [34] Dinh ly 4.1)). Biéu do sau ddy giao hodn

E 8,5+t Sq° $,2(s+t)
xt> (M, Fy) —— Ext®) (M, TFy)

soyl @yl

S 0
(F2 Q) er %sjw)fé —q> (IF2 Q) er %sM)j;—s»
véi M = Fyva M = H*(BZ/2).
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2.6. Két luan Chuong 2

Trong chuong ndy, ching tdi di xdy dung biéu dién & mic do day chuyén ctia
(©M)# trén phic day chuyén Singer-Hung-Sum (xem Dinh ly ciing nhu biéu
dién day chuyén ciia ¢ trong dai s Lambda (xem Hé qua 2.2.4), biéu dién day
chuyén ctia oM trén A ® M#, v6i «/-mddun M bit ky (xem Ménh dé2.2.5). Céc két
qua ndy sé dudc ching toi st dung d€ tim nhan va dnh cla dong ciu Lannes-Zarati
©™M v6i nhitng s nho cho trudng hop p 1€.

Chiing t6i phat trién todn tit liy thita P° tic dong 1én Ext® (F,, F,) (xem Liulevi-
cius [41], [42] va May [19]). V6i M = F, va M = ﬁ*(BZ/p), chung t6i da chi ra
rdng ton tai mot todn ti P tac dong trén Ext®, (M, F,) va trén (F, ®., %Z,M)*. Hon
nifa, todn ti niy con giao hodn véi dong cu Lannes-Zarati ¢ (xem Ménh d&[2.4.3).
Két qua nay da lam giam dang ké viéc tinh toan. Do d6, toan ti ndy trd thanh cong cu
quan trong dé& nghién cifu dang diéu ctia dong ciu Lannes-Zarati modulo p.

Chiing tdi ciing st dung cac két qua nay véi mot sb diéu chinh thich hop dé€ c6 thé
ap dung dudc cho trudng hop p = 2 (xem Ménh dé va Ménh dé .
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Chuong 3

Anh cua dong cau Lannes-Zarati

Trong chuong nay, ching toi khio sat dang diéu ctia ddong cAu Lannes-Zarati mod-
ulo p (v6i p 1a sb nguyén t6 1& néu khong c6 dé cap nao khéc) M, trong trudng hop
M =T, chol < s < 3 va trong truong hop M = H*(BZ/p) cho s = 0, 1. Céc két
qua dugc trinh bay 6 chuong nay dudc trich tr Chon-Nhu [17, 18] va Nhu [50]].

3.1. Anh cha dﬁng cau Lannes-Zarati modulo ptrenF,

V6i p = 2, Lannes-Zarati [[72] da chi ra ring goll& 12 mot dang cAu. Chiing t6i da
chiing minh dudc két qua tuong tu véi trudng hop p = 2 cho trudng hop p 18 . Két qua
nay dudc cho bdi dinh ly sau

Dinh ly 3.1.1 (Chon-Nhu [17, Pinh 1y 4.1]). DPéng cdu Lannes-Zarati modulo p hang

1
oy? : ExtUY(F, F,) — Ann(2[1]%),

la mot dang cau.

1,1+t
of

Chitng minh. Ta da biét rang Ext' ™ (F,, F,) dugc sinh bdi o c6 gbe bang 0 va h;
c6 gbe bang 2(p — 1)p’ — 1 véi i > 0. Nhiing phan tif nay dugc biéu dién tuong ing
trong Ay béi \°; va )\1171-_1 v6i i > 0 (xem Liulevicius [41]], [42], Aikawa [4]).

Mit khdc, tit Wellington [66], Ann(2[1]#) = Ann(R,) dudc sinh béi Q° va SQ¥'
véi ¢ > 0.

Ap dung Ménh dé ta nhan dudgc

o (a0) = Q% or"(hi) = BQ7, i 2 0.
Dinh ly dudc chiing minh. []
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V6i p 1€ chung t6i da chi ra go]ZFp khong phai 12 toan ciu, két qua nay khéac véi két
qué da dugc Lannes-Zarati [72] cong bb nim 1987 52 1a mot toan céu.
Dinh ly 3.1.2 (Chon-Nhu [[17, Pinh 1y 4.2]). Dong cdu Lannes-Zarati modulo p hang

2
o5« Ext??(F,.F,) — Ann(#[2*),

chi khong tam thuong tai cdc phdn tit 6 goct = 0vat =2(p — 1)p™t — 2,4 > 0.

Chitng minh. T cic két qua cta Liulevicius [41]], [42] (cling xem trong Aikawa [4]),
Ext>**!(F,,F,) dudc sinh bdi cac phan tit

L hihy = [AL_ AL ] € Bxt??®- Ve () F,),0< i< j— 1
2. aghi = [A,_\%)] € Bxt??®~ DPHYEF), i > 1
3. af = [(\2))?) € Ext?(F), Fy);

i+1 7
4. hi;2,1 — [)‘%piﬂ—l)‘;l;i—l] c Extzf(P*l)(Zp ip )(Fp,Fp),i > 0;
5. hinz = A Ay € Ext220-D0" 20 (F, ), i > 0;

i+1_1 2pz 1

6. p=[MA,] € Ext? P~ DT(E, F,);

S AL e Bxt22em 0T Ry By i > 0.

jpi—1

7. %= | NN C

Jj=1 J (p—3)p?

RO rang, cic don thiic )\11 1)\11)] < j—=1), A i1 1)\% ;_,(i > 0) la nhitng phan

tu ¢6 troi am, do do, anh cua chung duéi gE]QF” 12 tam thudng trong R. Diéu nay din
dén két qua, qua gog”, anh cta h;h; va hi o 12 thm thudng.
St dung Ménh d&[2.2.4, dé thy ring

~]Fp(>\ll 1)\0 ) BQpiQO-
Ap dung quan hé Adem, ta thu dudgc

ﬂQpiQO — Z<_1)Pi+j ((p — i )ﬂQp Q.
P pj — 1’
RO rang ((p 1)7 1) chi ¢6 thé khic 0 néu p"~' < j < p’ — 1. Tuy nhién, trong trudng

hop nay, e (BQP Q) =2(p' —j)—1-2(p—1)j =2(p' —pj) -1 < 0. Do do,
~F”()\1 A2) =0, suy ra @y” (aphs) = 0 véid > 1.
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Bing cdch s dung Ménh d& 2.2.40 vi 3,7(A\°,\%,) = Q°Q" # 0 € Ry nén
05 (0f) = Q°Q" # 0 € Ra.

Bing cach kiém tra truc tiép, tit Ménh d&[2.2.4]

By’ (A ML) = BQX QY.

Ap dung quan hé Adem, ta c6

BT QY =3 (-1 ((pp_j 1_)(2‘7]9139 ’ L 1) BRI BQ)
J

Vipj > 2p"t! + 1 nénpj = 2 + pa véi a > 1 ndo do. Khi do, (%}Pé;;ﬁizzl) =

((p—l)p;z(fl—l)a—l)' Néupj < 2p'™ +pithi (p—1)a—1 < pa—1 < p'. Khi dé, tii bd

<(p—1)pi+(p—1)a—1> _ ((P_l)a_1> =0 mod p.

dé Lucas,

pa —1 pa — 1
" ;?2(;;@;1) chi c6 thé khac 0 néu pj > 2p*' + p’. Tuy nhién, trong
truding hop ndy, e(8Q¥ T IQI) = 22+ — ) —2(p — 1)j = 227 +
p' —pj) < 0.Do d6, Q¥ BQY = 0, suy ra @y” (hin1) = 0 v6ii > 0.
Tuong tu, G5 (AN ) = BQ2QC. Ap dung quan hé Adem, ta thu dugc SQ%Q° =
0 € Ry. Do d6, py? (p) = 0.

Cudi cung, st dung Ménh dé[2.2.4, d& dang kiém tra dudc

Suy ra, ((

(p—1) i1
~F, (=17 1
2 Z j )‘(p I >‘ij 1
j=1
)J+1

— Q- 1)p! BQP + Z Q(pfj)piﬁiji‘

V6i2< 73<p—1,vi

(BRI BQ) = 2p — j)p' — 1= 2(p — 1)jp' + 1
=2'(p—1)(1 -4) <0,

nén ta co6 ket qua sau day

. (p—1) (—1)+ : .y i
2% Z j A(P*J') )‘]p’ I BQ(p_ p LR #0 e R,.
j=1
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Do do, véiz > 0
2" (\) = QPP HQY £ 0 € Ry,
Dinh ly dudc ching minh. ]

Chii y 3.1.3 (Chon-Nhu [[17, Chi y 4.3]). Tir két qua ctia Wellington [66, Dinh ly
11.11], Ann(R») dudc sinh bdi Q°Q°, BQP=VP' Q' i > 0, va Q*P~DQ* s = pi +
.-+ 1,i > 0. Do d6, 5" khong phai 1 toan chu.

Hung va cac cong su [30], [25], [27], [32] da ching minh dudc QDIEQ v6i3 <s<5H
triét tiéu tai tit ca cac phan tit c6 gbc duong trong Ext®*t(Fy, Fy). Trong trusng hop
p 1€, ching t61 da khao sat dugc dang diéu cua golg”. Két qua dudgc trinh bay trong dinh
ly sau.

Dinh ly 3.1.4 (Chon-Nhu [18, Pinh 1y 5.1]). Péng cdu Lannes-Zarati modulo p hang

3
SDI:EP : EXt:;’gH(Fw Fp) - (Fp @ s '%)?Jpp)fE

la mét don cdu véi t = 0 va bi triét tiéu véi moi t > 0.

Tir Ménh dé ta nhan dugc bé dé sau ddy. B& dé nay cho phép ta giam bét
nhting tinh toan trong chiing minh cia Pinh ly

BG dé 3.1.5. Néu \; € A, va Ay € Ay sao cho 3" (Ar) = 0 hodc 3,"(Ay) = 0 thi
GuAiAg) = 0.
Chiing minh Dinh ly

Tur két qua cua Liulevicius [42] va Aikawa [4], Extff’“Lt(IFp, [F,) dudc sinh bdi cdc
phan ti sau day
1. hzh]hk = [)\Il)i—l)\zl)j—l)\zlyk—l] € EXtivz(pfl)(pi+pj+pk)<Fp’Fp))0 S i S ] —9 S
k — 4,
2. auhuy = N0, € 2000 0 8, ) 1 << 2

3. aghs = AL (\2))% € Ext®2r-DP 2R F)) i > 1;

4. O‘g [()‘(11)3] € EXti’S(Fpan);

5. Mihj = [LidL] € Bxt® 20 000 (F ) G >0, £+ 2;
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10.

- hioahy = [/\%pm_l/\; >\1

N = [LiXY,],i > 0;

— i+l i ] . . .
hinghy = (Mo AL AL ] € BtV 20F) R ) i j > 0,5 #
i+ 2,00 —1;
hia a0y = [)\ i 1)\%172 1/\ € Ext3 2(p—1)(p" T +2p )+1(F F ) P> 1

] € Ext?e D@ @ Ry >0, #

i+2,0+ 1,4

hi;Q,laO — P\Zp“rl 1)\1 /\(11] c Exti,2(p*1)(2pi+1+pi)+1(Fp’ Fp),i > 1

1L hyp = (AL MA%] € Bxt? 20 D025 (F, 7)) > 2

12. Rz = (PO)[AL s ALy AL € Ext?2r-Der 2l (@ )y p £ 3, >
0;

13. Myoy = [N, ML) € ExtZ? VDM (F, R ) p £ 3;

14. higay = (P P\;pg 1)\%p_1)\(1)] c Ext?j(p—l)(2pi+3+2pi+1+pi)(Fp,Fp),p =3,i>
0;

15. hhy, = [)\2p2 AN e Extf’;z(p_l)(QpQ“)H(IFp,]Fp),p _ 3

16 hinas = (PO)[AL_ M, M) € Ext? 2000 8™ (@ my p £ 30 >
0;

17. hll 3,1 — [)\ 1)\%>\91] € EXt?;Q(p_l)(p+3)+1(Fp7Fp)ﬂp 7£ 3;

18. higiz = (PO)[Aa ALy ML) € Ext? 20 D@ ™2 @ | ) i > o

19. hi123 = (Po)i[A;Q_lAép_lA;] € Extf'f(p—l)(pi+2+gpi+1+3p">(]Fp,]Fp),p # 3,0 >
0;

20. 05 = [M(X°))?] € Ext®SPVT2(F, F,), p # 3;

21. gp = [A(A2))?) € Ext® 20 UR(R, ), p = 3;

22, f; = (PY)i~'[M] € Ext®2- Ve 20 (F Ty i > 1,

23. g; = (P°)~L[N] € Ext®?0- D&+ [ F ) i > 1;
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trong do

Jj=1

(p—1) y+1
Li = (P Mpoiya N1 | 21> 0;
L (-1

- )j—H 1 1 1 1
M = Jr—1 N2 —ip) 1M1 — 2N 1A 1 Agp i
j=1 J
_2/\12 1/\1+j 1/\p —j— 1)
p—1 ]+1
N = AL AL ot A A
]P 174(2p2—jp)—1"p—1 p2+jp—1"p2—jp—1

=1

.

Quan sat thiy riang cdc phan ti hihjhp (0 < i < j—2 < k—4), aphih; (1 <
i < j—2), hiaohj, hig 200, hoazas B 51, hoa 2,3, va fo duge bi€u dién bing cdc chu
trinh c6 trdi am. Vi anh cua céc chu trinh nay qua @g’” la tam thudng trong R3 nén
anh ctia nhiing phan t nay qua gog” ciing tAm thudng.

Theo Ménh dé

03" (hinan) = 03" (P (ho131)) = (P) (5" (hoasa)) = 0,4 > 0.

Biing 1ap ludn tuong tu, ta ¢6 5" (hi103) = 0v6ii > 0va @s”(f;) = 0 véii > 1.

Tur chiing minh cia Pinh 1y 3.1.2} ta c6 @g”()épiﬂfl)\;_l) =0vdii > 0va
Zo?(AIAY ) = 0. Do d6, dya vao BS d&[3.1.5] ta thu dugc

NIFP

d ()‘%pzﬂ 1)‘;191 1>‘;J 1) =0,

o By (M AL A% =0,
~F,

® ¥ (Ajlgj_f‘%)‘gl) =0,

i @gp()‘épq)‘“gl) =0,

o Zy’(AL, AN ) =0.

2p2—1

Kéo theo anh ciia cdc phan ti hioihj, higico, hjp, I oq va hh o la tam thudng
e F
dudi anh xa 5",

Dua trén Pinh 1y3.1.2] ta ¢6 5,7 (L;) = QP17 BQ¥". Do d6, ta thu dudc
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~F,

o 33" (Lidy) = —BQP-IP BQY BQY,

o F5'(LiX)y) = —QW 7 5Qr Q.

B4i vi vé phai clia cong thiic du tién 12 phan td c6 troi khong am véi i, j > 0, suy
ra QOI:SP(S\Z]Z]) = 0.

Dua vao ching minh Pinh 1y 3.1.2) SQ'Q° = 0 € R, vi vy vé phii clia cong
thtc thi hai 1a tim thuong trong Rs3. Suy ra gpgp(aoj\i) — (. Bang lap luan tuong tu,
ta ciing nhan dugc @y (a2h;) = 0.

Tit nhiing ching minh trén, ta c6 &, "(Agp_1Ag) = 0 va @F”()\l A = 0. Do do,

"“IF:D
()‘épz 1)\2p71)\(1)> =0,
~Fp _

o 55" (Mg 1 A1) = 0,
~F,

N6 kéo theo gogp(ho;g,m) = 0, 05" (ho:221) = 0 va 5” (ho2.12) = 0, do d6, sit dung
Mél’lh dé 243, taco @Igp<hi;3’2’1) = O, @gp(hi;g’g’l) =0va @gp(hiQ’LQ) =0v6ii 2 0.
Ap dung quan hé Adem, trong R ta c¢6 SQ3Q° = 0 va SQ°Q° = 0, do do,

o 3 (ML) = -BR*QQ" =0,
° NFp()\l()\O )2) = —BQQ°Q" = 0.

Két qua 12, ¢y” (03) = 0 va 5" (c}) = 0.
Bing kiém tra truc tiép, st dung Ménh dé ta co

o = -3 5

x (26Q78QY 7 BQ + 26Q N BQY T BQ — BQY BQIBQTT) .
Vi hai s6 hang dau tién ctia vé phai cia cong thiic c6 trdi Am nén

_1)1'
J

-1

]

BRY BQIBQY.

~F
903P(N) =
1

J
Dé thiy rang SQ7BQP~7 = 0 véi j < p — 1, do d6,
5" (N) = =BQ™ BQ"'5Q".
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Ap dung quan hé Adem, ta c6

BQZPQBQP—l — Z(_1)2p2+i+1 <<p _;Z)(i—gpi :Zi) B 1>ﬁQ2p+p_1_iﬁQi.

1

Vi pi > 2p? 4+ 1 nén pi = 2p? + pa véi a > 1 nao dé. Trong trudng hop nay, ta co

e(BQPPI BN = 2(2p2 +p — 1 — i) — 2(p — 1)i = 4p? + 2p — 2 — 2pi

= 4p* +2p — 2 — 4p? — 2pa = 2p — 2pa — 2 < 0.

Do d6, SQ%° SQP~! = 0 va khi d6 35”(N) = 0. Suy ra 3" (g1) = 0 va Vi thé
@Ep(gi) =0v6ii>1.

Cudi cung, dé dang kiém tra @Ep(ag) = —Q'Q°Q" £ 0 € Rs.

Dinh ly da dugc chiing minh. ]

3.2. Doi dong diéu cha dai so Steenrod

Trong phan nay, ching to6i xdy dung mot diy phé trén phic A ® ff*(BZ/ D).
Day pho nay dugc xem la phién ban tong quét cia diay phd da dudc Cohen-Lin-
Mahowald [20], Lin [39], Chen [11] st dung cho trudng hdp p 1a s6 nguyén td 18.
Sau do6, ching t6i st dung diy phd nay dé tinh d6i dong diéu cia dai s6 Steenrod
Ext®*t(H*(BZ/p), IF,) va st dung két qua nay dé€ khao st ding diéu ctia dong chu
Lannes-Zarati trong trudng hop M = H*(BZ/p) v6i p la sb nguyén t6 1& néu khong
c6 dé cap gi khac. Nhiing két qua nay dudc chiing tdi cong bd trong Chon-Nhu [18]).

Diy phd trén phiic A © H,(BZ/p)

Chiing t6i xay dung mot diy phd dé tinh Ext®* ™ (H*(BZ/p), F,). Chu y ring day
phd dudc dinh nghia cho tht c4 cic .«7-mddun kiu hitu han. Tuy nhién, & ddy chiing
toi chi thuc hién cho M = H*(BZ/p).

Cho F" := F*(A ® H,(BZ/p)),n > 0 la loc trén phic A ® H,(BZ/p) (phic
ndy da dugc mo ta trong phan[2.4), trong d6 FO(A ® H,(BZ/p)) := 0 va véi n > 0,

F"(A® H,(BZ/p)) = {A®@h € A® H,(BZ/p) : |h| <n}.

Theo (7). 16 rang F™(A ® H,(BZ/p)) 1a mdt phic con ciia A @ H,(BZ/p) thda
min U, F"(A ® H,(BZ/p)) = A ® H,(BZ/p) va N, F*(A ® H,(BZ/p)) = 0.
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Do d6, loc nay sinh ra mot day phd hoi tu dén Ext**(H*(BZ/p), [F,). Vi phan

d, : Bt — Erorsthi=1 13 mot [F)-dnh xa tuyén tinh.

Trong day phd nay, n 1a bac loc, s 1a bac dong diéu, ¢ 1a bac trong va s + t 1a bac
tong.

D& thy, Ej*" = (F"(Ay ® H.(BZ/p))/F"*(Ay ® H,(BZ/p)))" = S"A,, do
do,

EPt = H*(Bp™") =2 £" Ext® ™ "(F,, F,),

va Enst = (FrHS(A @ H,(BZ/p))/F"*H*(A @ H,(BZ/p)))!, trong d6
FH*(A®HL(BZ/p)) = im (H*(F"(A @ H,(BZ/p))) — H'(A © H.(BZ/p)))

Do d6, ®,>1 E5 = Ext®* ™ (H*(BZ/p), F,).

Doi dong diéu cta dai so Steenrod

K}/’ hiéu, E:,S,* = @n,tE;L’s’t va E;C’)S’* — @n,tEgés’t-
x N R 0 z A 2 P A 3 - X > ,
Dé dang kiém tra dugc trang £77" c6 mot Fy-co s& gom tat cd cdc phan tdf ¢6

dang
o abll t +¢>1.

Dua trén céac két qua ciia Liulevicius [42] va Aikawa [4]), ta c6 trang Eik 1 06 mot

IF,-co s§ gdm tat ca cdc phan t
o apadll = N0 D], t +e>1,
o habll = [A;i_la%[ﬂ],i >0,t4+¢€>1;
va trang E;** ¢6 mot F,-cd sG gdm tt ca cac phén ti

o hihjabll = [A;i_lx;ﬂ_la%[ﬂ],o <i<j—1,t4+e>1;

aphia b = [\ A2 abl] i > 10 4 e > 1

adadbl = [(\° ) 2abl] t +e>1;

hi;271a€b[t] = [)\%pi+1,1)\11,i,1a€b[t]]a7; > O;

hi;maeb[t] = [)\leiﬂ_l)\%pi_laGb[t]]’i >0,t+e>1;
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o pacbl = AN abl] t + e > 1;

o Nathll = [y D T Al aeb[t]],vjzo,tJrezl.

J=1 J (p—34)pt—1""jpi-1

Ta viét « — 3 ¢6 nghia la « va 3 sdng dén trang E, va d,.(o) = 3 v6i mot 7 nao
d6, do dé, ca o va 3 khong sbng dén trang vo cung E%**. Trong trudng hop nay, phan
t 3 12 4nh ctia phan ti o qua vi phan d, va 8 dudc goi 12 bién.

Vi du, ta viét
ablmP TP (4 1) Bl Dp R i > 01 <k <p—1,m > 1,

nghia la
dpi(P—1)<ab[(mp+k)le]) = —(k+ 1)hiab[((m*1)p+k+1)p’fl].

Hon nifa, véi bat ky s6 nguyén khong am n, ta ¢6 thé viét n = mp + k véi m > 0
va0 < k<p-—1.

: A dT % * 2 3R A
Vi phan E5%* = E*1* duge cho bdi bd dé sau day

Bé dé 3.2.1. Vi phdn khéng tam thuong E*** LN E*Y* dugce cho bdi danh sdch sau

day:

(3.2.111) bl — agablt=Y, vai t > 1;
B2112) abltmp R Uy (k4 1) hyabl (= Dp D =] i > 0.1 < k < p—1,
m > 1.

Déu tién ta cAn xdc dinh nhém mé rong Ext’, (H*(BZ/p), F,).

Pinh ly 3.2.2 (Chon-Nhu [18], Dinh 1y 5.3], Crossley [21, Dinh 1y 1.1]). Nhom md
rong Ext®!(H*(BZ/p),F,) ¢6 mot Fy-co sé gom tdt cd cdc phdn nit

1 Ty o= [l 1] € Bt 20 (Y (BZp), Fy), i > 0;
2. (k) = [ab[’fp”—ll} € Ext? Y ([I*(BZ/p),F,),i > 0,1 <k <p— L

Chitng minh. Tu cong thuic 1 2) suy ra phan ti ablfr' =11 13 mot chu trinh vinh ctu
va sbng dén trang vo cing E%%* v6ii > 0va 1l < k < p — 1. Dinh ly dugc chiing
minh. ]

. N d, oe 1 2 X A
Vi phan EXb* 5 E*2* duge cho bdi bo dé sau day.
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B§ dé 3.2.3. Nhiing vi phdn khong tam thuong E*'* N E*?* dugc cho bdi danh
sdch sau dady:
B231) aghl! — a2ablt=1, vai t > 1;
(3.2.312) agablmrthl — — (k;Z)pab[(m’m“"’”], vi0<k<p—2,m>2;
B2313) agablmP R =1 (k 4 1)aghabl((m=Dprk0r' =1 y5i i > 1 m > 1;

(3.2.314) @Oab[(mp+k)pi—p+p—2]_>(k+1)aohiab[((m—l)p+k+1)pi—p+p—2]7 véii > 1, m >
1;

B235) hb! — — hjagablt=", véii > 1,t > 1;
(3:2.316) hob™PH — (¢ — 1) pabl =P+ vgim > 1va £ # 1;
B23\7) hoblmprow' =" +hptll . _ (¢ 4 1)hohbl((m=DpretDp'=p*thpt1] g0 >

2,m > 0;
(B2318) hiablmrthP =1 (k4 1) hihablm= Dt =1 i i > 1, >
1,0<j <i;
(32319 hablmpHRp' 4T 1) (kf)hii1;1’2ab[((m—2)p+k+2)pifl+p”1—1], véi
1>1,m>1;
(3:2.310) hyablmpHRp'+(p—0p =1 %(k _ 1)hi_l;zlab[((mf1)p+k)p"+pif1], vdi
1> 1,m>1;

B2311) hiab[(mp-f-k)pHQ-&-rpiJrl+pi+u}_><r—2}—2)hi;zlab[(mp-i-k—2)pi+2+(r+2)pi+1+pi+u]’ Vvoi
i>1,m>0u=(p—1)p~t—1;

(B23112) hyablmp )y’ —p" 0l (4 1) hihjab[((mfl)wkﬂ)pjfp"+2+v], Véi j—2 >
i>1m>Lo=@p-2)p " +p' +(p—1)p~t -1,

(B23113) hyabltmpRp = pt (k4 1) hihjab[((m—l)erkH)pj =P p ] g
j—2>i>1m>0,u=(p—1)p~t—1;

(B2314) hiab[(mp+k)p"+1+pi—l} . S\iab[((m_l)l’%ﬂ)pi“_1], Véii > 0,m > 1;

(3:2315) hiab[mp”2+kpi“+epi+pi—llﬂwz(eﬂ)hi;mab[(m—l)pi“+kpi+1+(6+1)pi+pi—1],
véii > 0,m > 0;

(B23116) hyablmpt0r" =" 4wl (04 1) pihjabl(m= Dty 0"l g 9 >
i>0,m>1w=(p—2)p +ep +p' —1;

B23117) hyablmp+0p’ —p" k™ al (g4 1)p, hjab[((m—l)p+e+1)pj —p" 2 hp'™ ta]
voij—2>i>0,m>1k#p—2,2=p" -1
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Chiing minh. BS dé nay dudc chitng minh bang cach tinh toan truc tiép trong phiic
day chuyén A ® H,(BZ/p) va trong ddy phd.
Chitng minh céng thite (3.2.3.1). RS rang, trong A ® H,(BZ/p),
d(A0 o) = 2% A% apl=t mod F2ED),
v6it > 1. Do do, trong day pho ta nhan dudgc cong thic.
Chitng minh cong thire (3.2.3.2). Bing cach tinh truc tiép, ta ¢6, trong A@ H, (BZ/p),

d ()\(llab[mp+k] + (k + 1))\8ab[(mfl)p+k+1] + (k ;‘ 2> A(l)ab[(rn2)p+/€+2]) —

B (]{f —g 2) )\%Ao_lab[(m72)p+£+2] mod FQ((me)p+k+2)

Y

v6i 0 < k < p—2,m > 2. Do d6, trong day pho ta nhan dudc cdng thuc.
Chiing minh cong thite (3.2.3/3). Bing cach tinh truc tiép, ta lai c6, trong A ®
H.(BZ/p),

(A2 abl PR =1y = (4 1IN0 AL bl e R DR g 2k

véii > 1,8day ky = ((m — 1)p+ k + 1)p* — 1. Do d6, cong thic (3.2.3|3) da dugc
chung.
Chitng minh céng thite (3.2.3/4). DE thiy, trong A © H,(BZ/p).

d(\° 1ab[(mp+k)pi—p+p—2] Agab[(mp+k)pi—p—1] ) =
0 A1, pl(m=D)p+k+1)p' —p+p—2] 2k2
(k+1DAZ A ab mod F“"2

véii > 1,8day ks = ((m — D)p+ k + 1)p* — p + p — 2. Do d6, trong day phd ta
nhan dudc cong thuc (3.2.3|4).
Chitng minh céng thidc (3.2.3/5). Tuong t nhu (3.2.3]1), trong A ® H,(BZ/p)

d()\ll)l_lb[t]) = —)\Il)i_l/\(llab[t—l] mod 172(,5_1)7

v6ii > 1,t > 1. Nghia I3, trong ddy phd cong thic (3.2.3|5) diing.
Chitng minh céng thite (3.2.3/6). Trong A ® H,(BZ/p), ta cé

d (AébWﬂ + %(z + 1)A}b[<k—1>p+f+ﬂ> —

%(6 — DA aplE=DpH] od pRAG=DPH0,
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v6i k > 1 va/l # 1. Cho nén, ta thu dudc cong thiic (3.2.3/6) trong diy phé.

Chitng minh cong thie(3.2.3\7). Pdt s = (mp +e)p' véim > 0va0 <e <p— 1.
Biing tinh toan truc tiép, trong A ® H,(BZ/p), ta c6

p—1
d (Z Mpb=r (=il oy g Cp’”) B

J=0

— (e + 1)A(l)/\li_1b[((m*1)p+e+1)p"fp2+kp+1]

mod F2((m=Dptet1)p'—p*+kp+1)—1

G day

p—1
Z (P +k+n— 5) AL pls— ()PP (ktn—Op+L+1]
np+~¢ )
(=0

v6ii > 2 vam > 1. Khi d6, ta thu ducc két qua tuong ng trong diy phd.
Chitng minh cong thire(3.2.3[8). Hién nhién.
Chitng minh c¢éng thite(3.2.39). Trong A ® H,(BZ/p), bing céch tinh tryc tiép ta

co

d (A;i_lab[(mp—‘rk)pi1—|—pi1_1]> = _(k + 1))\;)2'_1)\1171-_1_1ab[((m—1)p+k+1)pi,1+pi71_1]
k+2 o
_ ( ;_ >)\11)1_1)\%])7,_1_lab[((m—Q)p+k+2)p 1+p 1_1]

mod F2(((m72)p+k+2)pi_1+pi—l71)

Y

véii > 1vam > 1LTUN, AL, = 0trong Ava s6 hang thif hai ctia cong thiic dai

dién cho phan ti h,_l;mab[((m Qp+k+2p 49" 1] rong ddy phd, ta thu dugc cong
thic (3.2.319).

Ching minh cong thire 10). Trong A ® H,(BZ/p), dit s = (m — 1)p+ k véi
m>1va0<k<p-—1,taco,

d (QA;i_lab[(mp““)“(p—”pi1‘” + (k + 1)Aépi_labKS“)P“(P—l)p"1—1]) -

((k+ 1))\%]31'_1)\]];@‘71_1 +2k:)\]1ﬂ i 1_1)ab[s:vi+zf'—1] mod F26p'+p'=1).

pi+p

AL AL

)\1 _
2pz 1 z 1 —1 z —1 p +p7, 1 -1
AL g 1_1ab[5p +7'~1] dai dién cho phén tit hl_1;271ab[5p "1 trong

v6ii > 1vam > 1. Theo quan hé Adem, trong A, vi \!
0 va phan tu )\2 i q

day pho nén ta thu dudc cong thiic.
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Chitng minh céng thitc (3.2.3,11). Dit u = (p — 1)p~! — 1. Trong A ® H,(BZ/p),

st dung quan hé Adem, ta nhin dudc vi phan clia cic phan ti

p—1
AL lab[(mp+k)pz+2+rpz+1+p1+u} + AL 1ab[(mp+k)p’+2+(r—j+1)p”1+jpz+u]
P Z Jpt—

j=2
+ (r A DAL @bl P

<r 5 2) A Hlppt 1ab[(mp +h=2)p" P2 (r4+2)p"  p" 4l
2 prti4pt—

bing véi

<T + 2) )\% i1 1>\1. 1ab[(mp+k—2)pi+2+(r+2)pi+1+pi+u]
2 P —17pt—

o\, i42 i+l
mod F2mp+k=2)p" "+ (r+2)p"" " +p'+u)

Y

v6it > 1vam > 0.
Vi A%pi_‘_lil)\;i71ab[(mp+k—2)pi+2+(r—|—2)pi+1—|—pi+u} dai dién cho
142 7 i ~ P . i
hig 1 ablmPHR=2p" 2+ (2™ '] (rong diy phd nén ta thu duge cong thiic.

Chitng minh cong thic (3.2.3.12). Trong A @ H,(BZ/p), véiu = (p — 1)p"*+ — 1
va v’ = (mp + k)p’, vi phan clia phan ti

p—1
A]-Z 1ab[vl—pl+2+(P—2)pl+1+pl+u} + )\é . 1ab[v/_pz+2+(p_1_£)pz+1+£pz+u}
p = E Pt —
(=2
— A1y 1ab[“'—zpiw+(p—1)p”1+pi+U]
Dt T

bang vé6i

—(k + DAL AL aplmmDp ks D =5 o2 ) g R
voil <i<j—2vam > 1,8dayu; = ((m—1)p+k+1)p —p 2+ (p—2)p"  +p'+u.
Do do, trong day phd ta thu dudc cong thiic

Ching minh cong thie | 13). Trong A ® ﬁ*(BZ/p), véij —2 >4 > 1va
u=(p—1)p~t—1,tac,

) ) p—1 . 4
d ()\Zlﬂlab[val—i—pu-u} + Z )\épzlab[vgphq"—gpl'*‘“])
=2

— (k+ DAL AL apl (Db i = ] o pre
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véim > 1,8day us = (m — 1)p+ k + 1)p/ — p"* + p’ + u. Do d6 trong day phd,
cong thic (3.2.3/13) dugc ching minh

Chitng minh cong thite (3.2.3/14). Trong A ® H,(BZ/p), bing céch tinh truc tiép
ta thu dugc

p—1
d ()\11 lab[(mp+k) z+1—|—p —1] _|_ Z )\ » 1ab[(mp+kj+1)l71+l+(jl)pi—b-pi1])
2

J=
—1

-3k

J=1

1 . |
1)+ )\1 » 1ab[((m—1)p+k+2)pz+1_1] mod FR(m=Dptkt2)p 1)

Y

véii > 0vam > 1.

Vi vé phéi ctia cong thic dai dién cho A;abl(m=DpHr+2p™ 1 nap a ¢6 diéu phai

ching minh.
Chirng minh cong thire l 15). Trong A ® H, (BZ/p), ta c6 vi phan cta

e 6+] 1
1 [ i+2 4 ity i iiu b ( ) 1 42 (i 1)piT] Npt—1
AL ablme P +ep'+p _,_E ( —=N i a ablmP T (k=P (e4)pt 1]
p_ 2
- J
7j=2

(k + 1))\ 7‘+1+p1 1ab[(m_1)pi+2+(k+1)pi+1+epi+pi_1]

+ —k(e + D)1 yap Labl =P (e Dt 1]
5 _

bing véi

1/@’(6 + 1))\lz‘+1 1)\% ; 1ab[(m*1)pi+2+kpi+1+(e+1)pi+pi71]
2 pitl—1\opi—
— (e DAy 1)‘gloi,lab[(m‘l)i'?i“%p”l+(e+1)p"+p“’—1}

2((m—1)p* T 2+kp* T (e+1)p'+p'—1
mod F2((m=1)p (e+1)p ),

véi?z > 0vam > 1.

Ap dung quan hé Adem, ta c6 Alm lA%pl  + )\11+1+p1 1)\1171 , = 0. Do dé, trong
day pho ta thu dudc cong thiic.

Chitng minh cdng thite (3.2.3/16). Trong A @ H,(BZ/p),véij —2 > i > 0,7 >
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0,m > 1vau=p' — 1, vi phan clia

P24 (p=2)p't ept
)\11 lab[ mp+L)p’ +Hp=2)p"" Fep'tu]

e e |

Z AL, qplimpOp —p" o1 =) ek —1p )
Jip'—

=

~ M 1ab[(merf)pj—2pi+2+(p—1)pi+1+epi+U]
Y3 pli
—(e+ DAyt i LablmPHOP =20 (=2 (e ]
bing véi
_ 1 41 [(m=1)p+L+1)p" —p" 2 +(p=2)p"  ep’+u]
(C+ DAL AL b
P

mod F2((m=Dp+l+1)p? —p™2+(p=2)p ™ +ep’+u)

nghia 1a trong day phd ta nhan dugc cong thiic.
Chitng minh cong thite (3.2.3.17). Biing cich tuong tu, trong A ® H,(BZ/p), véi
j—2>1>0,m>1vak # p— 2,taciing cé vi phan ctua

AL abltmpOp =p" e kp gt

(]C —+ 1))\1 [(mp+g)pj_Qpi+2+(k+1)pi+1+pi+1_1]

pi+14pi—10D
bing véi
— L+ 1))\1i 1,\1j 1a]b[((mfl)erEJrl)pj,pi+2+kpi+1+pi+171}

_ G it2 i+l i+l
mod F2(((m=1)p+l+1)p’ —p" "= +kp™4p" —1)

Do d6, ta nhan dudc cong thiic trong ddy pho. []

Vi Exb* = ExtU"(H*(BZ/p),F,) nhu la F,-khong gian vécto nén dé tinh
nhém mé rong Ext>' ™ (H*(BZ/p),F,) trudc hét ching toi tinh F,-co s6 ctia Fob*,

Ménh dé 3.2.4 (Chon-Nhu [18, Ménh dé A.3]). Trang vé ciing E;gl’* co mot Fp,-co so
bao gém tdt cd cdc phan tit duoc cho trong Bdng

Chitng minh. Tit cong thic (3.2.3/1), phan t& aob! khong phai 1a mét chu trinh vinh
ctiu. Do d6, ta chi can xem xét cic phan tit agabl! véit > 0, h;blM, i > 0,t > 0 va
hiab, i >0,¢t > 0.
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Bang 3.1: Phan tii sinh ctia £

Phan ti Phan ti dai dién t Vung chi s6
aph; apable=1p' =1l 2(p—1)p' —1 i>1
aohi(k) agablF?' 1l 2kp' — 1 i>1,1<k<p—1
a(l) apablP* 2(p+10)+1 0<l<p-—2
hihi(1) hiab' 1] 20p — 1)p' 4+ 2p* — 2 i>0
hih; h;able=1)p’ 1] 2p— 1) (P +p/) =2 | 0< 4,45 #d,i+1
hih (k) h;abl*?’ =1l 2p—1D)p' +2kp’ —2 | 0<ji;j#ii+1
1<k<p-—1
d;(k) hiablkv'+p=1p " =1] 2p— VP +p ) |i>1,1<k<p-1
+2kp' — 2
ki (k) hiabk™ e =1l 2k +1)ptt -2 |i>01<k<p—1
pi(k) | hadle= DTGNP oy _ Y (pi 4+ pt) | i>0,1<k<p—1
+2(k+1)p' — 2

Truong hop agab véit > 0

Tir (3.2.312), suy ra agab™ v6i 0 < k < p—1vaapab?™ M véi1 <k <p—1,1a
cdc chu trinh vinh cttu. Phin tG diu tién 12 dnh b*t1 qua vi phan. Do dé, ta c6 quan
hé sau day:

aoho =0;  agho(k) =0,1 <k <p—1. (3.1)

Phan t& thd hai ciing 1a dnh cta bl**+1 qua vi phan. Tuy nhién, trong A ®
H,(BZ/p), ta c6

APy = X0 ablP ) 4 (k4 2)Agb" P mod DT (32)

Trong A vi A\JA?; = 0 nén A\Jbl*+2 1a mot chu trinh véi k < p — 2. Do d6, hob!*+2!
12 mot chu trinh vinh cttu trong diy phd va khi d6 agabP*¥ sbng dén trang vo cing
E%L* duge biéu dién bsi hobl*+2 & bac loc thip hon.

Tir (3.2)), dé thiy apabl??~% khong sbng dén trang vo cing £+,

Véi k = p — 1, vi A% ab~1 1a mot chu trinh trong A ® H,(BZ/p), tit 32), ta
suy ra h;bP+1 = [\}pP+1] 1a mot chu trinh vinh citu trong diy phd. Do d6, agab? 1]
séng dén trang X1

Tir (3.2.3]2), ta chi cn xem xét hai phin tit cgabl™ =1 va apabl™tP=2 véin > 2.
Phan tif dau tién c6 thé dudc viét dusi dang aoab[(mp%)pi_u v6i i > 1 va phan td thi

hai dugc viét dudi dang agabl (PP —p+p=2 y6i j > 1.
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Hon ntia, theo cac cong thic 3) va 4), ta thay nhiing phan t nay sé
1 cdc chu trinh vinh cttu néu va chi néu m = 0. Diéu nay c6 nghia 14 nhitng phan ti
apab®' =1 va agabtP’ —P+P=2] vgi 1 < k < p — 1, la céc chu trinh vinh ctu.

Tir (3.2.1]1), d& dang thdy dudc aabl®? 11 va agab®?' —P+7=2) 13n luct 1a &nh ciia
b7l va bkP" =1 qua vi phan. Tuy nhién, trong A ® }NI*(BZ/p), ta co

ATy = A2 bl =1 \Lpl' P pod R p )T (3.3)

Y

va
d(bkp' =1y = N0 gplke'—ptp=2
Tt cong thic thifc thi hai ta suy ra phan td aoab[kpi_pﬂ’_m khong sdng dén trang
vO cung EXV*. B6i vi A(l)b[kpi’“” dai dién cho b7 —P+1 va A0 apl' 1] 1a mot
chu trinh trong A ® H,(BZ/p), theo d6 hob* P11 1a mot chu trinh vinh ctiu trong
day phé. Do do, apabltr 1] sébng mii va dai dién cho nhiing phan ti aoh; # 0 va
aphi(k) Z0véii>1val<k<p—1.
Tir nhitng két qua trén, ta thu dudc ba phan tif dau tién trong bang

Truong hop h;b™ véit > 0

Tit cong thitc (3.2.315), ta chi cin xem xét phan ti& hobld véit > 1. Ditt = mp+ L.
Theo (3.2.3/6), khi m = 0, phin tit hob!?, 1 < ¢ < p — 1 1a mot chu trinh vinh citu.
Hon nita, né 12 anh cta blP+*~1 qua vi phan. Mit khdc, trong A ® H +(BZ/p),tacod

d (b[p%ﬂ) — )\(llab[p’lﬂj’l] + E)\ébm mod F?1.

Kéo theo hobl! séng dén trang vo cung E7!* va dai dién cho phan ti agabP™ =2,

Vé6i m > 1, theo 6) ta chi can xem xét trudng hop ¢ = 1. Piéu nay c6 nghia
12 ta chi cAn xem xét nhiing phin tii c6 dang hobl(mp+ep'—p*+kp+1],

Theo 7), khi m = 0, phan t& hob?" 7" +#7+1] 13 mét chu trinh vinh ctiu trong
day pho.

Véi k = p — 1, dya vao (33), ta thiy ring hobl? ™1 dai dién cho phan tir
—aphi(e) # 0.
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Véi k < p—1, d& thiy hobl?’ ~P*+kr+1 13 &nh ctia bler’ —7°+(*+Dpl qua vi phan. Hon
nita, trong A ® I:T*(BZ/p), ta cod

d (b[epi_p2+(k+1)p]) _ /\0_ ab[epi_p2+(k+1)p—1]
+ Z)\ bl ep' —p*+(k—j+1)p+j]

+ (k+ 2))\;715[629 27 +(k+2)p 1 0q FRep' =207 +(k+2)p)—1

9 A X ea 5 A 2: o A . PEETUN t_p2 —
Bd&i vi sb hang dau tién ctia vé phai ctia cong thiic dai dién cho agabler’ P +(k+Lp=1]

L* (xem trudng hop dau tién),

nhiing phan t nay khong song dén trang vo cung E;
kéo theo hob[ep —p*+kp+1] cung khong song dén trang vO cung E;’}’*.

Do d6, trong trudng hop nay ta khong c6 thém bat ky phan i sinh méi nao.

Trudng hop h;abl? véit > 0

Pau tién, ta xét trudng hop i > 1. Tir cong thic 8), suy ra hiabl?’ —1 véi
0<j<i,1<k<p—11amoétchu trinh vinh ctu. D& thay, hiab[kpj_l] khong phai
12 bién. Do d6, né dai dién cho nhitng phan t& 77 # 0 v6i 0 < j < i va hihi(k) # 0
vii0< i<, 1<k<p-—1

Vi (¥3%) = 0 khi va chi khi k = p — 2 hodc k = p — 1, tir (3.2.319), d€ hoan thanh

chiing minh ta chi can xem xét ba trudng hop sau:

(i) hiabmP'+E=Dr" =1 y6i i > 1 m > 1;
(i) h;ablmP' 7 =1 v6ii > 1,m > 1;
(i) h;abl?' 1.

Chd ¥ riing, khim = 0 va k < p— 1 phan tit h;abl ™+ +7""" =11 1§ thanh phan
ti da dudc xem xét G trén.
Béy giv, ta xét nhitng phan tif ¢6 dang (i). Theo (3.2.3/10), hzablkr'+(e—Dp' ™" =11,
v6i 1 < k < p — 1, la mdt chu trinh vinh ctu.
Thém vao d6, né 1a anh cta phin tit ablP™ +¢+=DP'+@E=Dpr""" 11 qua vi phan. Do
d6, trong A ® H,(BZ/p), ta c6
d( plp ™+ (k=1)p +(p—1)p“—1}) — )\Zlﬂ__l_lab[pi+1+(k—2)pi+pi—1]

B k)‘zlii_lab[kpiJr(p*l)pi_l*U mod F2Ep +e—1p' " =1)
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B&i vi s6 hang thi hai clia v& phai ctia cong thic 14 nhiing chu trinh trong A ®
H,(BZ/p) va sb hang d4u tién dai dién cho phin ti h;_jab?”" +(E=2P"+2'~1 nap n6
1a mot chu trinh vinh ctiu. Do d6, h;ab*'+P=DP""" -1 séno va dai dién cho nhiing
phan ti khong tim thudng trong trang vo cling £% 1.

Véim > p, nhitng phan td dang (i) c6 thé dugc viét lai bdi habl(mp+Hp"+(p-1p"" 1]
voi e > 1.

Ciing theo (3.2.3/10), v6i m > 1, phin t{ nay trd thanh trudng hop & = 1, nghia
1a hyablm?' P H=1p' 1]

Ré rang, néu 1 < m < p — 1 thi hyablm?"+P'+¢-Ur""' =1 ciing 1a mot chu trinh
vinh ctiu va n6 1a &nh abl(m+P" +¢=Dp""" =11 qua vi phan.

Trong A ® H,(BZ/p), ta c6

d (ab[(m+1)pi+1+(P—1)pi—l_1]) _ )\1i71 1ab[(m+1)pi+1_”
p p—

— AL aplm? TR g Rt e o=t )
pZ_ .

Kéo theo hablm?™ +#'+@-10p"" =1 s§no dén trang vo cing E%* va né dai dién
cho phan ti hi_l/f;i+1(m+ 1) #0v6ii > 1.Chiyringkhim =p—2vam =p—1,
phan tit 7y (m + 1) 1an lugt bang phan ti hiv1 va phan tir ﬁiJrg(l).

Khim > p, ditu = (p — 1)p"~t — 1. Tu (3.2.3}11), trudng hop (i) trd thanh hai
trudng hgp nho:

1.1) hiab[(merk)piﬂ+(p72)pi+1+pi+u];

(i.2) hyablmp+R)p™ P +p—1)p " 4p' ],

Pau tién, ta xét phan ti trong (i.1).
Tt (3.2.3]12), suy ra hyab*’ =7 +F=2p""+2"+u] |3 mot chu trinh vinh cttu. Trong

day phd, ta d& dang ki€m tra riang trong ddy phd né ciing 12 anh ctia
abl?’ ="+ (= 1)p' 1]
qua vi phan. Hon nita, trong A ® H,(BZ/p),
d (ab[kpj—pi“ﬂp—l)pi1—1]> e Lo e e |

pi—l_l

. )\1i 1ab[kpj7pi+2+(p72)pi+1+pi+u] mod FQ(kpj7pi+2+(p72)pi+1+pi+u)
p = .
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B&i vi s6 hang dau tién ctia vé phai clia cong thiic dai dién cho phan tit khong séng
dén trang vo cing E%:1*, didu nay kéo theo hyablf?’ ="+ =20 0"+l 13 bien va khi
d6 né cling khong séng dén trang vo cung EX:b*.

Thi hai, chiing t6i xem xét phan ti (i.2).

Tir (3.2.3113), suy ra hyable?’ ="' +2"+E=0r"""=1 |3 mot chu trinh vinh ctu. D&
thdy ring, hyablk?’ =P +P'+(-Up""~1] 13 &nh ciia phan ti ab®?’+P-DP" =1 qua vi

phan d. Tuy nhién, trong A @ H,(BZ/p), ta c6

d (ab[kp“r(p—l)p“—l]) _ _A;)Hilab[kpj—l}

+ AL 1ab[kpj—pi“+pi+(p—1)p“1—1] mod F2kY —pHHp'+(p—1)p" " -1)
P :

Diéu nay din dén két qua, trong day phd, hyablk?’ —»" +p'+ -0 -1l $gno dén
trang v cing E*%* va dai dién cho phan ti hi_l/f\Lj(]{) #0v6ij>i1+2,1<k<
p — 1 trong trang E%1*,

Tiép theo, ta xem xét phan tif clia dang (ii). D& thdy, v6i m < p — 1, phan ti
h;abl0m+ 0P =11 dai dién cho phén tit hyh;(m + 1). Tuy nhién, trong A @ H,(BZ/p),
ta co

@ (bl o =) = L@l mod FAOTFIFTD. (3.4)

Do d6, ta thu dudc cdc quan hé hfbl =0, hfbl(k) =0vii>1,2<k<p-—-1
va hihi(1) # 0.

Bdi vi nhiing phan tif ¢6 dang (iii) dai dién cho phan t h;h;(1) # 0 trong diy phd
nén nhiing tinh todn & trén da gidi quyét dudc trudng hop nay.

Tir 14), suy ra phan tit h;abl(mP+0p ™ +ep'+p'~1] khano phai 1a chu trinh vinh
ctuvéim > 0,e=0vak=p—1.

Do d6, nhitng phan ti dang (ii) sé dudc chia ra thanh cic trudng hop sau day:

(ii.1) hab®?™ +er'+p' =1 ygi k < p — 2;
(ii.2) hyable=DP" et =1 ygi e > ;

(ii.3) hyabl(mp+Rp™ +ep' 5" =1 y6i > 0 vae > 0.

Chu ¥ rang, hai trudng hgp dau tién 1a chu trinh vinh ctiu trong diy phd.
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Biing tinh todn truc tiép, trong A @ H,(BZ/p), ta ¢6

d (ab[(kﬂ)pi*l+(e—1)pi+pi—1]) _ eAzljiilab[kal-l-epi-i-pi—l] mod R0k e 4p'—1)
(3.5)

Do d6, phan ti dang (ii.1) 12 bién néu e > 0. V6i e = p — 1, ta nhan dudc cdc quan
hé hihit1 = 0 va hihisi(k) = 0v6i 1 < k < p — 1. Tuy nhién, v6i e = 0, phan tit
hiablk?"" 7'~ séng dén trang vo cing B,

Bing lap luan tuong tu, trong A ® fl*(BZ/p), ta co

p—e .
d (ab[p”2+(e—1)pi+pi—1]> — Z (6 + J = 1> )\lei_1ab[(p—l)pi“+(e—1+j)pi+pi—1]

=1 J

T )‘711”1—1ab[pi+1+(6_1)pi+pi_1] mod F20 H(e=1p'+p'=1)

Véi e > 0, vi tong dau tién cta vé& phai ctia cong thiic 1 chu trinh trong A ®
H.(BZ/p) va hang tit cubi cing dai dién cho phin ti h;qablt’™ +Ee=Dp'+p'=1] nap
hiprabl?™ + =D +p" =11 13 mat chu trinh vinh ctiu. Do d6, phan ti dang (ii.2) séng
dén trang vo cing E%1*. V6i e = p — 1, n6 dai dién cho phan ti A; ;4 0(1) # 0.

Cudi cling, theo 15), phan t dang (ii.3) sinh ra hai trudng hop:

(ii.3.1) hyablm? ™ +E=2p" e+ 1] ygi 0 > ();

(ii.3.2) hyabme T T 0 v g Ly 2

Tit (3.2.3116), phan tit habl® =" +E-2p"" +er'+ul ygie > 0,1 <0 <p—1va
u = p'—1,1a mot chu trinh vinh ctiu. Hon nita, dé dang kiém tra, trong AQH, (BZ/p)

d (ab[fpj —p”+1+(e—1)pi+ul)

J__ o tt2 _ i+1 7 i it2 N i+1 i
:e)\zlﬂ._lab[ﬁp P (2P ep ] 0 q R P (p=2)p" eptu)

Tite > 0 suy ra h;abl®’ 2" +p=2p"" +ep'+ul khong séng dén trang vo ciing 1.

Tuong tu, tit (3.2.3/17), phan td h;abl?’ = *+kr"'+p"™ =11 13 mat chu trinh vinh
ctru. Mit khéc, trong A @ H,(BZ/p), ta lai c6,
d (ab[gpj_pi+2+(k+1)pi+1+(p_1)pi_1}) _ _)\1. lab[gpj_pz‘+2+kpi+1+pi+1_1]
pl_

(b DALy a2 e -] g o
p - )
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dday us = (p) —2p"" + (k+2)p™ + (p—1)p' — L
Véi nhiing tinh todn & trén, phan & hyyqabl®’ 27"+ k2™ +-10p' 1] sgng dén
[ep? —p"T2 +kp™ T 4pi T 1)

trang E%5* néu va chi néu k = p — 1. Do d6, h;ab sébng dén

trang E%1* néu va chi néu k = p — 1. Trong trudng hop nay h;abl”’ ~1 dai dién cho
hihj(0) #0v6i0 <i<j—1val<{<p—1.
Phén tit hoab c6 thé duge xem nhu 1a trudng hop dic biét ciia phan ti dang (ii)
v6i i = 0, do dé, ta c6 thé xii ly né bang phuong phap tuong tu.
Ménh dé dugc chiing minh. O
Tiép theo ta xdc dinh nhém mé rong Exth ' (H*(BZ/p), F,)
Pinh Ij 3.2.5 (Chon-Nhu [18, Dinh Iy 5.4]). Nhém mé rong Ext' ™ (H*(BZ/p), F,)

c6 mét F,-co sd bao gom tdt cdc cdc phdn tik duge cho bdi danh sdch dudi ddy

1. Oéoﬁi = [)\Olab[(p—l)pi_l]} > 1

2. aphi(k) = [Aglab[’fp"—ﬂ >l 1<k<p—1;

3. a(k) = [A2abPM + (K + 1)AJab* 1] 0 <k <p—2;

4. hihi(1) = [)\;)ilab[l’i_”] i > 0;

5. hih; = [A})ilab[(p_l)pj‘l]] >0, At

6. hih;(k) = [)\Zlﬂ_lab[’“pj‘”] >0, jAd it L 1<r<p—1;
7. di(k) = (PY) 1 (M _qablrtp=2]) i > 1,1 <k <p—1

8. Ti(k) = (PO)i ([2’“ LAlabK’“—J)pﬂ]D Q>0 1<k<p—1;

J=0 5417

. r+J . .
9. pi(r) = (P <l2§:é_r gjr—RA}ab[(pjl)pH“}}) >0, 1<r<p-1

Chitng minh. Vi E4'* = Ext}'™(H*(BZ/p),F,) (theo quan diém F,-khong gian
vécto), ExtL T (H*(BZ/p), IF,) dudc sinh bdi céc phan ti trong Bang 3.1}

D& dang kiém tra dudc cdc phan i agh; (i > 1), aghi(k) (i > 1,1 <k <p—1),
hihi(1) (i > 0), hehy (i,5 > 0,5 # i, + 1) va hehy(k) (i,5 > 0,5 #i,i +1,1 <
k < p — 1) dugc biéu dién bing céc chu trinh trong A ® H,(BZ/p) nhu trong khing
dinh cua dinh ly.
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Bing cach kiém tra truc tiép, ta c6, phan td A° ;ab?~ + (£ 4 1)AJabl! 1a mot
chu trinh trong A ® H,(BZ/p). Vi s hang dAu tién ciia phin ti dai dién cho phin ti
agabP+¥ trong day phd nén chu trinh nay 1a mot biéu dién ciia a(f).

Biing 1ap ludn tuong tu, ta thiy rang chu trinh AL_;ab*?*~2I dai dién cho phan t
di (k). Vi P giao hoan véi vi phan ctia phic A ® H,(BZ/p) nén ﬁO(Aéflab[k“p*?})
ciing 12 mot chu trinh va né dai dién cho phan ti haab*?*+®-1r=1 Do do,
750()\]13_1ab[kp+p_2]) dai dién cho phan t& dy (k). Tuong tu, trong A ® H, (BZ/p), ta c6

~ P . ~0.,_ _ (2 .
d; (k) dugc biéu dién béi chu trinh (P )"~ (AL_; ablP*7=2) Néi cach khic,

ai(k) = (PO (A aptr 2] ).
Nhiing phan ti khic chiing minh tuong tu. O

Ménh dé 3.2.6 (Chon-Nhu [18, Ménh dé 5.5]).

Ext™*(F,, F,)-médun Ext**(H*(BZ/p),F,), véi s < 1, dugc sinh bdi h; (i > 0),
(k) (i>01<k<p—1,a0) 0<l<p—2),di(k) (i>1,1<k<p—1),
E(/{:) (1>0,1<k<p—1)vapi(k)(i>0,1 <k <p—1)chithda man cdc quan

hé sau ddy

o hihi(k)=0,i>02<k<p—1;

Oéo/ﬁo = 0,'

aoho(k) =0,1 <k <p— 1.

Chiing minh. Chiing minh cia ménh dé nay dua trén tinh toan trong chiing minh
Ménh dé&[3.2.4]

Tir (3.1), ta nhan dudc hai quan hé cudi cing.
Tu (3.4), ta thu dudc cac quan hé hihi = 0, hﬁl(l{) =0v6ii>1,2<k<p-—1.
Cubi cung, tir (3.9), vdi e = p — 1 ta thu dudc cac quan hé khac. O
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3.3. Anh ctia dong chu Lannes-Zarati modulo p trén H*(BZ/p)

Dang diéu ctia dong cAu Lannes-Zarati modulo p (v6i p 1 sb nguyén t6 18) gof* (BZ/p)

v6i s < 1 dudc cho bdi cac dinh ly sau.

Dinh ly 3.3.1 (Chon-Nhu [18] Pinh 1y 5.6]). Péng cdu Lannes-Zarati modulo p hang
0
ey P Extl! (H(BZ/p).Fy) — (F, ©. A H" (BL/p))}

N 2 A
la dang cau.

Chiing minh. D& thiy (F, ®,, Z,H*(BZ/p))* dugc sinh bdi ab*?' 1 véi i > 0 va
1 < k < p — 1. Do d6, khang dinh ctia dinh Iy dudc suy ra tit Pinh 1y va Ménh
dé O

Dinh ly 3.3.2 (Chon-Nhu [[18|, Pinh 1y 5.7]). Dong cdu Lannes-Zarati modulo p hang
1
or P Ext (T (B ), Fy) — (B, ©., %0 H* (BL/p))f

duoc xdc dinh bdi

Q) hihi(1) — [6Qpiabw‘”] viii > 0;

Qi) Rl [5Qpiab[<p—1>pj—1l] Vi 0 < j < i

(iii) hih;(k) — [BQpiab[’fpj‘”] ViI0<j<i1<k<p—1;
(iv) ki(k) = (PY) ([BQ¥1ab¥]) i > 0,1 <k <p—1;

(V) Nhitng phdn tit con lai — 0.

Chitng minh. St dung Ménh dé[2.2.5| d& dang kiém tra dudc anh ctia nhitng phan tir
bén duéi

o aoh; VGii > 1;

° aoﬁi(k‘) véii > 1,1<k<p-—1,;

o a(k)v6i0<k<p-—2;
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o hihjv6i0<i<j—1;
o hihj(k)v6i0<i<j—11<k<p—1
12 tAm thudng.
Bing kiém tra truc tiép, s dung Ménh dé ta co
5{;*(32/@( AL ablrte=2l) — [BQp ab[kp—l—p—Q]] _

Vi2p— (2(kp+p—2)+1) < 0véimoik > 1nénsuyrae P2 (d (k) =0
v6imoi 1 < k < p — 1. St dung Ménh dé[2.4.3| ta thu dugc

QO{{*(BZ/p)(C/ZXk)) _ (Poy—lgp?*(BZ/p)(gl\l(k)) —0.

Bing 1ap ludn twong tw, vi2(j +1) — (2((p— 1 —j)p+ 7 +j) + 1) < 0 véi moi
0<j<p—1—rvar>1néne PZ)(5y(r)) = 0. Hon nita, sit dung Ménh d@
2.4.3] ta c6 o FEP) (5i(r)) = 0.

Cudi cing, stt dung Ménh dé ta d& dang kiém tra dugc, trong (%2, H*(BZ/p))¥,

o B (1 (1)) = BQY abP | £ 0 v6i i > 0;

o B (Y = [5@1}”@5[@—1)73]'—11} £0V6i0 < j < i

o OB (1 (k) = [mp"abw—ﬂ} £0Vi0<j<il<k<p—1;
o B F(k)) = (PO ([BQFHab]) £ 0, > 0,1 <k <p— 1.

Dinh ly da dugc ching minh. ]

Heé qua 3.3.3 (Chon-Nhu [18, Hé qua 5.8)). Pong cdu Lannes-Zarati modulo p hang

1 @{I*(BZ/ P) khong phdi la toan cdu.

Chiing minh. DE thiy ring [3QP~'blYl + QP~'a] 1a khong tdm thudng trong (F, ®,
%, H*(BZ/p))*. Theo Dinh Iy 3.3.2] suy ra ¢ P“/") khong phdi 1 toan chu. [
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3.4. Anh cia dﬁng cAu Lannes-Zarati modulo 2 trén F, va
H*(BZ/2)

Pong ciu Lannes-Zarati modulo 2 di dugc nhiéu nha toan hoc nghién ctiu mot
cach cin than trong sudt mot thdi gian dai. Ching tdi tong két cac két qua vé dang diéu
clia dong cAu Lannes-Zarati modulo 2 %2 da dudc cong bd bdi Lannes-Zarati [72]]
cho truong hgp s = 1, 2, Hung va cac cong su [30], [25], [27], [32] cho 3 < s < 5
trong Ménh dé Chiing tdi sé chiing minh lai ménh dé nay theo cich tiép cin
khéc.

Ménh dé 3.4.1 (Lannes-Zarati [72]], Hung va cac cong su [30], [25], [27], [32]).
(i) Dong cdu Lannes-Zarati modulo 2 hang 1 <p]1F2 la mot ddng cdu.
(ii) Pong cdu Lannes-Zarati modulo 2 hang 2 gOIQFQ la mot toan cdu.

(iii) Pong cdu Lannes-Zarati modulo 2 hang s ©"* triét tiéu tai tdt cd cdc phdn tit

co goc duong trong Ext®* ' (Fy, Fy) vi 3 < s < 5.

Chifng minh. Phat biéu (i) va (ii) dudc chiing minh dé dang bang cach st dung Ménh
dé va céc biu dién cta h; va h;h; trén dai s Lambda (xem Lin [39]).

Chung t61 chiing minh (iii)

Trong [30], Hung-Peterson da chiing minh ring (2 triét tiéu tai cdc phan tif phan
tich dugc véi s > 2. Do do, ta chi can ching minh @IEQ voi 3 < s < 5 triét tiéu trén
nhitng phan t& khong phan tich duge cia Ext® " (Fy, Fy), nghia 1a chiing ta ching
minh 4nh ctia nhiing chu trinh biéu dién nhiing phan ti khong phan tich dugc cia
Ext® ™ (IFy, Fy) dudi dong chu §2 : A, @ Fj — (%,F)# 1a tm thudng.

S

Lin [39], Chen[I1] da chi ra mot Fy-co s cho nhitng phan ti khong phan tich
s,s+t

dugc trong Ext?" " (Fy, Fy), cu thé
EXti’;’_H(FQ, Fy) c6 mot Fa-co 56 gdm
¢ = {(S")/(A2\y)} € Ext®? 2T (|, y) i > 0.
Exti’f”(lﬁ‘g, Fy) c6 mot Fy-co s gobm
. 1+4 1
1. di = {(Sq°) (A2 Aade - AZA2H A As Ao+ Ar A As A ) } € Ext ™2 +27 (R, TFy).
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NiAs + (A2 + M)\

i+4 i+2 2
2. e; =4 (Sq°) € Ext®? T (R, ).
(A7 AsAs + A2Ag) Ao 7

3. — (SqO)i ()\%)\9 + )\7)\5)\3))\3 c Fx t4 9it4 4 9i+2  gi+l (FZ FQ)

. Z - % 9 .

+)\$)\O)\4 4+ A A5 A4\
A N2NoA6 + (A2Xg + A AsAg) A i i+

4. Git1 = (Sqo)l 7\0N\6 ( 3719 7\b 3) 5 c EXti; i+4 4 o +3(F2,F2).

F(A3hoNs + A2A11) A3
5. pi = {(Sq°) (A2AsA1s + A2AoAio + Ardiidodg)} € Ext 22 2 (R, y).
6. Ds(i) = {(Sq°) (As1ArAi Aoz + Adchig + )\31>\7>\9)\14)} € Ext™? " (Fy, IFy).
7.0 = {(Sa") (M5 hao + AsoX35) M)} € Bt 27+ (B, ).
voi e > 0.
Exti’fﬂ(lﬁb7 Fy) c6 mot Fy-co s& gdbm
1. P'hy = {03 + (A2 A s + Mdadads + MAPA) A} € Ext>!(Fy, Fy).

A AL+ (M35 + A2 X0 + A Ao
2. Plhy = i Oids AR + hdide € Ext? S (Fy, Fa).
FANZA) A3 + ArAoda A

3 z‘ A2 )\5)\3)\9 + A A15A3 00 € Fx t 5,205 it (FQ ]FQ)
A s A s\ o ’
>\15>\§)\2)\14 + >\$’>\4>\12
1+5 1+3 i+1
4. 1 FARAZ 4 Ao AAog e Ext?? T (R, Fy),

FA23AZNE + AL A A\

1+5 i+4 1+3 7
5. Dy(i) = V(A2 A )} € BExt?? T (R, ).
4 3\
( M)
+)\%5)\%1)\10
. . i+6 i+1 7
6. Hi(i) = (SO | +AishsidAidg | o € Ex t; TRy, ).
+A15A31 A3 76

\ s daAndshs
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M7[A2X0A6 + (A3 + Ao A2) A5 + Az Ao s A3
7. Q3(1) = S (SE°) [ +A3M1As] + (A5 A1 001 + AsiAzAi500) A5
+AZ: A1 A23 3
€ Ext?? T (Fy, Fy).

8 K — S )\63)\15)\47)\3 + Ag3Aa7  Fx t5 21+7+21‘+1<F2 ]FQ).
(A3Ag + AgA3) 4+ A3 A1 Ao 7 7
Aos(A2A19 + A19A2) \g
i+7 142 1
9. J —|—)\31/\23>\43)\0 € EXtZ/Q a2 (]FQ, Fg)
+A63A15A31 A 190
10 . )\31A79 + A79>\31)>\2 E E 5 22+7+21+4+21+1 (]Fz ]Fz)
AZy(AZAg + AgA2 ’
1+7 i+5 2
11. V; { )\63)‘15>\47)\31)‘0)} € Ex t52 B (]Fg,]Fg).
i+8 7
12. V! = {(5¢°) (Mo1A31 A7 A23 M0 + Asshi2r A5 a7 ho) } € EXt g (Fy, Fy).
Ao1( M35 A30 4 AzoATs) Ao
. 1+8 1+3 7
13. U; = (Sqo)l +/\(233)\47)\87)\0 € Ex tfj I (FQaFZ)'
+A127A31 A63A39 A0
véii > 0

Goi X; = (Sq ) (Xo) € Exts s+t(IF2,IF2),3 < s < 5, khi d6 theo Ménh dé2.5.3
ta co

P32 (X)) = 052 ((5¢°) (Xo)) = (S¢°) 52 (Xo) (3.6)

Céc phan ti¥ ¢y, do, fo, 91, Po, Ph1, P ha, ng, 20, D1(0), H1(0), Q3(0), Vo, V{ dugc
biéu dién bing céc chu trinh c6 troi 4m, suy ra anh clia cdc chu trinh nay qua $F2 Ia
tam thudng trong R, v6i 3 < s < 5. Do d6, anh clia nhiing phan tif nay qua ¢ 2 ciing
tam thudng.

Ap dung Cong thiic ta co

o 03%(c;) = (S¢°)p3*(co) = 0,0 > 0.
o O52(d;) = (Sq°) 52 (dg) = 0,0 > 0.
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o 1’ (fi) = (S4°) ' (fo) = 0,02 0
° 80]52 (gi+1) = (Sqo)iSOEQ(gl) =0,22>0.
o o1’ (pi) = (5¢°)'¢s*(po) = 0, > 0.
o 5°(ni) = (Sq")'5*(no) = 0,4 > 0.
o 0:2(2;) = (Sq°)iE? (o) = 0,7 > 0.
o 03*(Di(i)) = (S¢°)'¢5*(D1(0)) = 0,0 > 0.
o 3 (Hi(i)) = (S¢°)'¢5* (H(0)) = 0,i > 0.
o 5*(Qs(1) = (S¢°)'¢5* (Qs(0)) = 0,i > 0.
o 05’ (Vi) = (5°)'05* (Vo) = 0,0 > 0.
o 05° (V) = (S¢°)'p5(Vg) = 0,0 > 0.
Phan tiép theo ching tdi sé xéc dinh &nh cdc phan td e;, Ds(i), pl, K;, Ji, T3, U;
e ©i2(e;) = 0. That vay, vi
P (e0) = 257 (A3As + AsATA1 + A3ArAd + A3A0da + AoAsAs o)
— B (s 4 A A2+ A2 A+ A2Aods + ArAsAahs)
—0
nén ¢;” (eo) = 0suy ra ;* (e;) = ¥ ((S¢°)'(eo)) = (S¢°) (124 (e0)) = 0.
e Ap dung quan hé Adem, ta ¢
212 (D3(0)) = @32 (A1 A A2sho) = D32 (AsAasAasA) = 0.
Suy ra ©}*(D5(0)) = 0. Khi d6
o1”(D3(0)) = i ((S4°) (D5(0))) = (S4°)' (1*(D3(0))) = 0.
e Ap dung quan hé Adem, ta c6

812 () = 842 (A5 As0 + AsoATs) Ao)
= 32 (M5 X300 + Az1 AasAi5M0)
=0.
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Suy ra ©}*(p})) = 0. Khi d6
i’ (7)) = 1*((Sa°) (p)) = (S4°)' (0 (p)) = 0.
e Ap dung quan hé Adem, ta c6
A63Aa7 A9 A3A3 = Ag3Aar A7 A5 3.
Khi do ta co
P52 (Ko) = 352 (Me3Ais Az A + Aazdar (A3 Ao + AoA2) + A3 A1 o)
= 052 (Me3A s A7 A + Aeadar(A3Ag + A AsAs) + A3 A1 A1)
=0.
Suy ra ¢:2(Kp) = 0. Do d6
80]52(&‘) = Sﬁgz((Sqo)i(Ko)) = (Sqo)i(éﬁgz(K())) =0.
e Tacé ¢:2(J;) = 0. That vay, ap dung quan hé Adem, ta c6
A19A7 = A5 A1
Khi d6 ta co
~IFQ(JO) ~F2(>\ 5(A2A1g + A1oA%) Ao + A3 Aoz Az Ao + AesAisAz1 A9 \o)
= 95152()\95()\7)\19 + A5 A1 A7) Ao + A3 Aoz Az Ao + AszAisA31A100)
= 0.
Suy ra ¢:*(Jy) = 0. Do d6
25 (i) = 5°((S4°) (o)) = (S4°)'(5* (o)) = 0.
e Tacé ©:2(T;) = 0. That vay, ap dung quan hé Adem, ta c6
A79A31 = Ag3Aar.
Khi do ta co
752(To) = 257 (A51 M09 + Mo A3 + Ags (A3 Ae + AgA3))
= 252 (A1 Ar9 + AssharAs)A] + Ag3 (A3 + AoA3))
=0.
Suy ra :2(Tp) = 0. Do d6
p32(T:) = 52 ((5¢") (Tv)) = (S¢") (252 (Tv)) = 0.
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e Cudi ciing ta ching minh £ (U;) = 0. Theo quan hé Adem ta c6
A191A39 = A79A151-
Khi do

G2 (Up) = @52 (Mo1 (M5 A30 + A39 A2 ) Ao + A2 AarAsr Ao + A2z Az AszAzo o)
= 322 ((Mo1 225 A30 + AMrodis1A25) Ao + Az Aarder Ao + A2z A1 Az Azo\o))
=0.

Suy ra ¢:2(Uy) = 0. Do d6
52 (Ui) = @57 ((5¢°)'(Un)) = (S¢") (w5*(U)) = 0.
Phit bi€u (iii) da dugc ching minh. O

Bén canh viéc chiing minh lai cdc két qua da dudc cong bd vé dang diéu cia dong
cu Lannes-Zarati modulo 2 trén Fy 2 1 < s < 5. Chiing t6i con tinh dugc anh cla
cc phan tif khong phan tich dudc trong Extiert(IE‘g, Fy) v6i 0 < t < 114 qua dong

cAu Lannes-Zarati hang 6 ¢ >.
Dinh ly 3.4.2 (Nhu [50, Pinh ly 1.1]). Péng cdu Lannes-Zarati modulo 2 hang 6
05> ExtO0T (Fy, Fy) — Ann((%2sM)*),

tam thuong trén nhitng phan tit khong phdn tich dugc trong Exti’fﬂ(]Fz, Fy) vai 0 <
t<114.

Chiing minh. T cic két qua ctia Chen [12], cdc phan tit khong phan tich dugc trong
Ext?’"(Fy, Fy) v6i 0 < ¢ < 114 dugc cho bdi danh sich sau day

(
eoM A2 + (A3A11 A2 + A2 A3) A1 A0 + fo(XaAig
+)\3)\9))\$)\4)\2>\1>\9 + ()\:2)))\9>\5 + )\:2)))\11)\4)\2—1—
A3Ao N2 A5 4 A3 doAs A2 4+ A2 A 0N3) A7 + A2 A\ A2
(1) r = 4 3A9A5A5 + A3 AgAs A5 + AZAs Ao Ag) A7 7463>€Ext236(F2,F2);
+()\3)\11/\9 + )\23)\% + M A5 + )\7)\9)\7))\%)\7
FADAAAN + A2+ (AZA11s + AZAaAs) As A
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)\15</\§>\2>\1)\8 + )\11)\3)\6) + )\?)\6)\3)\2 + g1A3g

+(A15A30006 + A7 A9 A5 A3 + A1 A7 AuA2) AsAs

FA15( A1 Ao M As + A2 A6 + A o s + A3 da s\

2) ¢ = + 15( A1 A2 A1 A8 + AT Aud6 + A1 Ag Ao s 3234>€Ext6’3815‘2,1ﬁ‘2;
o

—f—)\:{’)\g + A3 A Ao A3 + A A A A3) A5 + )\15/\3/\2)\5)\4

A OBA £ A dads s + AZAsAs + AAs A2

+A1A1A6A8 + A5 A3 A4 A2) Ag + A5 A3 A7 A4\ Ag

\ /
no)\g, + ()\7)\15)\3)\0)\8 + )\%)\5)\9)\5‘1‘

(3) t = € ExtV (Fy, Fy);
>\7)\15/\3/\2)\6 + /\15)\3)\7>\5)\3)>\3

AZ A3 As 4 [as(A2AuAs 4+ M Ao dr + A5 + AA2ZAs)

FA A A 06 + A2AsA10A2 4 AisAsAr g + AZAs Az o] Ay
FA2 Doda s + (A2 + AoAado + AA2) A + A2Ao g
F2X5 4 Aodsho + AsA2)A3 + (Aods + Asdo)AZ] + A2 A Ao\

/

€ E)thz’;14 (]Fg, ]Fg),

Mg 4 [(AN2 A5\ 7 + A5 A1 7 A9 + A2a3) A
(5) C = 1M A5 + [(A5 57 15A11A 7 A9 + AFA23) A5 eExti’{%(]FQ,IFg);
+>\%5)\11)\0)\6 + M Aoz A3 A2 + >\%5)\9)\5)\3

(6) G = {D1(0)A\a} € Ext®™(Fy, Fy);
(7) Dy = {MrdnAe} € ExtS (Fy, Fy);
(8) A= {D1(0)Ag + Aardoro + A 3 A A3} € Ext®0T(Fy, Fy);

( 3

c2[AoA2A1s + A2 Ag A5 + AoAsA1a + AaAsA13 + Ag A1 A3 + AoAsArz
+)\%)\20 + AgAoA12 + Ag Az + >\0)\%o + AsAaA10 + (AgAa + A1)
Ao + (AsA7 + AsAs) A7 + A1oAZ] + ATz A e A Air 4 (Ais A1 Az doAs
+ AT A13A700) A1t + Ag1 fodrz + A5 Aade A1 + D1(0)Ag + Ay
(A13A7 A7 + A5 Ao A10M6) + P\31(>\§)\9 + )\9)\5))\9 + A31A3( A9 A5
(9) A= +X3A11) A7 4+ A5 (A1ds + AisAa) As] s + [M5(AsAadg + A5 Aioh)
FA31 (A3A11As + AsAoAsAs + A6 + AiATA 12 + (A3Ag + AA3) Ao
FA7(A1 A9 + AgA1) As + Ar(AsA7 A6 + Ao AsAd))| A5

+[)\%5()\15/\2)\11 + A1sA5A8 + A5 AsAs + A2 06) + As1 (A1 A3 A1y
+AZAsA13 + A3 Ao A2 + AsAii A 11 + A3 A1 A0 + A3 s Ao
FA11ATA0 A9 + A7 A5 A7 As + A3 A1 A7 A6 + A1 Az Aas)] A3

\
€ Ext®(Fy, Fy);
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(10) A// = {Dl( ))\12 + )\ 5)\11)\7/\8 + )\4760)\0} - EXt6 70(]F2,]F2);

F1A7A 19 + 2 + (A31A3A 1107 + Aoz A5 A05)
(11) 11 = A2+ AZA2A 11 + A [N2hodia + (A2Xg + AgA2) ¢ € Ext’*(Fy, Fy);
A3 + ()\%)\11 + )\3)\9)\5))\11]/\7

;

Az A3 A M A5 + c2 (A7 A 12 + Aodo) A
(12) z77 = ¢ +D1(0)A1g + A5 (Aardods + Aitdighs ¢ € Ext®" (Fo, Fy);
+A11A2300) A7

Hi(0)A1s + A28 A3 + (A2 01 M 15 00 + A5 A3y
+A31 A7 203 A 00 + D3(0) A4 + A5 a7 A3A3 + Aar A3

+ A7 A3 A2A10 + Az1A23 AT Ag + Az A1t AGAg + Azi Aoz A A2
(13) os2 = +A31A23A503 + Az AiiATAs + Az As Az As Ag) Ary >
+(A17 A3 1006 + Az AT A1 A A6 + Az Az A7 A2 + Aar Az s Au g
+A31A23 A1 00 A5 + Az1A23 A9 A1 A5 + A15Aar Ao AgAs
+A15 7 M A0A3 + A5 Az AT As + AT A A1 A7) A7

\ J

€ Ext®(Fy, Fy);

(14) t, = Sq°t € Ext®™ (Fy, Fy);

(15) wg,00 = { daAisAa + [daA16 + Az1(A7A23As + AasAisA0) Ais + D3(0) Aas] Ay }
€ Ext?(Fy, Fy);

(16) Cy = 5¢°C € Ext®M2(Fy, Fy);

[A31(A23A15 19 13 + A1 Ao A11\g) + c3(As A1 + AgA7) | A7

(17) z6114 = ) ) o
+ faA15 A0 + c3(A15A0A8 + AisAaAe + AisA]) + A5 A (A3 A5

€ E t;HZl(FQ,FQ)'
(18) G1 = S¢°G € ExtG™™(Fy, Fy).

Trong [30], Hung-Peterson di chiing minh ring ¢ triét tidu tai cic phan ti phan
tich dudc véi s > 2. Do do, ta chi cin chiing minh goIgQ triét tiéu trén nhiing phan ti
khong phén tich dude cua Ext6 0+ (Fy, Fy). DE thuc hién yéu ciu nay, ching ta ching
minh 4nh clia nhiing chu trinh bi€u dién nhiing phan tit khong phan tich dudc cia
Ext®07(Fy, Fy) dudi dong chu 35* : Ag @ FY — (%sFo)# 12 tim thudng.

Vi phép chiéu chinh tac 7 : A, — R, 1a mot dong ciu dai sb nén néu \; chita mot
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nhan t ¢6 troi am thi $¥2()\;) = 0. Hon nita, nhiing tic dong cta Sq° trén ExtfjH

va trén %,F5 giao hodn véi nhau thong qua dong chu F2.

St dung quan hé Adem, ta c6

AosA1 = Aitdig + ArAir 4+ AgAa; (1)
A23As = Az A2 + A1 Aie + AgAss; (27)
AarA1r = Az1dor + AogAss; (3
As1A3 = Az Ay + Ardar; 4’)
Astdg = AagAi7 + ArgAan; (57
AsiAd1l = AazAig; (6)
AsiA7 = AisAas; (7)
AirAz = A1sAss + ArAas &)
AarA7 = A5 Asg; 9)
Aot Ao = AsAia + Aidig + AsAaz + Aghas + A Aog; (107)
A23Ao = A1diz + AgAis + ArAig + AzAao + A1 Aag; (117)
Aid = Asho. (12°)

By gid, ta chiing minh rang $32 bién 18 phan ti khong phan tich dugc & trén (ti
(1) dén (18)) thanh phan tit 0.

e Thay (11°) vao (1), két hop véi cic két qua ¢i2(eg) = 0,¢52(fo) = 0 (xem
ching minh Ménh dé ) ta c6 Fg*(r) = 0. Khi d6, ¢g2(r) = 0.

e Biing cich tinh truc tiép va ©2(g1) = 0 (xem ching minh Ménh dé [3.4.1) ta
Suy ra 95152 (¢) = 0. Vi vay, SOIGFQ (¢) = 0.

e Tir két qua ©:2(ng) = 0 (xem chiing minh Ménh d& [3.4.1) va trdi ctia céc sb
hang con lai 1a am. Do d6, @g2(t) = 0, suy ra ¢g2(t) = 0.

e Bing cich thay (17) va (2°) vao (4), khi d6 troi ctia tit ca cac s6 hang cia y 1a

am. Do d6, ¢ (y) = 0, suy ra 52 (y) = 0.

e Tirkét qui ©}2(e;) = 0 (xem ching minh Ménh d&[3.4.1) va bing cach tinh truc
tiép, qua dong ciu w2, anh cta phan ti C' 1a tim thudng.

e Tir két qua :*(D1(0)) = 0 (xem chiing minh Ménh d&3.4.1)) va bing cach tinh
truc tiép, anh ciia phan tit G dudi dong cAu > 1a tAm thudng.
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e T (3’) va(10’), tacod

B6°(D2) = 62 (AarAnAg) = B2 (As1A27Af + A2sAs5A0)
= 36> (A1 (A13A1a + AM1Ais + Ashoz + Ashas + Atdag) A) + AasAgsAg)
=0.
Khi d6 ¢5* (D) = 0.
e Tir nhitng két qua ©=*(D;(0)) = 0 va ¢*(dy) = 0 (xem ching minh Ménh dé
ta c6 gE2(A) = 0. Do d6, ¢F2(A) = 0.
e St dung (4°), (5°), (6°), (7°) va theo chiing minh Ménh dé thi

P52 (c2) = 0,052(fo) = 0, 5% (D1(0)) = 0
nén suy ra gg2(A’) = 0. Khi d6, ¢g2(A’) = 0.
e Tuong tu, lay (8"), (97),(12°) va D;(0) thay vao A”, ta c6

A" = {D1(0) A1z + A A A A2 + Aareoho}
= A\ M A + AT A AAG+
+ Aar(A3As + (A3A2 + A3 A + (A3Ag + AA3) Aa) Ao}
= (AL M AL + AT A AAG+
+ Az (A3As + (A3AZ + A7) A1 + (AsAiid1 + ArAsAs)A2) Ao}
= { AL AT A A2 + AT AL + (A1sAss + Ardaz) A3 As
+ (M5A35 + MAaz) A3 + (AisAss + Ardas) AsA7) Ag
+ (A15A35 + ArAaz) A1 AL + AisAz9AsA3) A2) Ao}
R6 rang, troi clia tit ca cac sb hang ctia A” 1a am. Do d6, 3¢2(A”) = 0, suy ra
JE (AN = 0.
e Viph2(f1) = 0,0:%(g2) = 0 (xem chiing minh Ménh d& va trdi clia cdc

s6 hang con lai ctia r; 12 am. Do d6, $g> (1) = 0, suy ra @g>(r1) = 0.

e Dua vao cic két qui 5°(cs) = 0,¢:2(D1(0)) = 0 (xem chitng minh Ménh
d&[3.4.1) va (8). Ta d& dang chiing minh dugc dudi @5°, anh ctia 477 12 tim
thudng, khi d6 @5 (x677) = 0.
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Vi 0r2(H,(0)) = 0, :2(D3(0)) = 0 (xem chiing minh Ménh dé [3.4.1) va céc
quan hé (3°),(8") va (9°), ta ¢6 F* (z4.52) = 0.

e Ciéc tac dong ctia Sq’s trén Extfz’; va trén R, giao hodn véi cac dong chu ¢,
Do do,
Fa _ Fara 04 _ @00 F2 _
w6 (t1) = v (Sq't) = 5S¢ (pg°(t)) = 0.
o Tir két qui 52(D3(0)) = 0 va ¢)*(ds) = 0, ta c6 @5*(x690) = 0. Do do,
¢5° (26,90) = 0.
e Tuong ty, ¢*(C1) = *(S¢°C) = S¢°(126°(C)) = 0.

o Tir cic két qua ©5%(c3) = 0 va ©*(f2) = 0, ta c6 Pg*(z6114) = 0. Do do,
w2 (114) = 0.

o Cudicing, ¢*(G1) = ¢5°(S¢°G) = S¢°(5*(G)) = 0.
Dinh ly da dugc ching minh. []

Ngoai ra, dung phuong phdp nay ching t6i con kiém tra dudc cac két qua cta

Hung-Tuan trong [34].

Ménh dé 3.4.3 (Hung-Tuén [34]).

(i) Dong cdu Lannes-Zarati modulo 2 hang 0 goéi
Ext’ (H*(BZ/2),F,).

(BZ/2) 14 mot ddng cdu trén

(ii) Pong cdu Lannes-Zarati modulo 2 hang 1 (1011‘1 *(BZ/2)

la mét don cdu trén Span{h;h; :
i > j} va triét tiéu trén Span{h;h; : i < j}.

(iii) Dong cdu Lannes-Zarati modulo 2 hang s gof*(BZ/ 2

phén it ¢6 gbc diong trong Ext®,(H*(BZ/2),Fs) véi 2 < s < 4.

triét tiéu tai tat cd cdc

Chiing minh. Phat bi€u (i) va (i) dugc chiing minh mot cach dé dang b??lng viéc su
dung Ménh d&[2.5.2] va céc bidu bién ctia h; va h;h; trén A © H,(BZ/2) (xem Lin
[39] nhu 1a vi du).

Tuong ty nhu ménh dé trén, & diy chiing tdi chi chiing minh tudng minh mot vai
vi du, chiing minh chi tiét ctia (iii) dudc thuc hién mot cach tuong tu.
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Trudc tién, ta chitng minh gpf*(BZ/ 2) (¢;) = 0véii > 0. Tu Lin [39],
& € Ext>? YN (B7)2), Fy)
dugc biéu dién trong A ® H,(BZ/2) bdi chu trinh

—~0 .
& = (Sq )'(\2), i > 0.

Theo Ménh dé [2.5.2 va Ménh d& 2.5.1, vi e(A2) = 0 < 2 nén 3 P%?(G) = 0.
Vivay. @5 7 (o) = 0. Do d6, ;" (i) = (5¢°) (0 P () = 0 vai
i > 0.

Tiép theo, chiing toi chi ra ring gag*(BZ/Q) (c16(7)) = 0 v6ii > 0. T Lin [39], phan
tit arg(i) € Ext®? 2 [*(BZ/2),F,) dude biéu dién trong A® H, (BZ/2) béi
chu trinh

a16(i) = (Sq )V (A2Ab + (A2Xg + ArAsh)bM), i > 0,

Sit dung Ménh d&[2.5.2|va Ménh d& 2.5.1, d& thiy & %%/ (a,16(0)) = Q7QTQObL.
Vie(Q'Q7Q%) =0 < 2nén &1 P22 (a14(0)) = 0. Vi thé, ol PZ? (a14(0)) =

0 va khi d6 o P2 (ay4(i)) = 0 véi i > 0.

Cudi cung, ta théy rﬁng B2 (4o (1)) = 0 v6i 4 > 0. T Lin [39], phan ti
~e3(i) € Ext® 221 [1<(B7,/2), F,) dude biéu dién trong A ® H,(BZ/2)
bdi chu trinh

o3(1) = (Sq ) (A31ArA23 000 + Aaz (A3 A9 + AgA3 )bl
+ ()\%5)\11)\21 + )\31)\7)\15)\9 + )\15)\47)\(2))b[1]),i 2 0.

Biing phuong phip tuong ty, d& thiy @7 "% (755(0)) = QT QQ3 Q%Y.

Ap dung quan hé Adem, ta c6 Q°Q3Q% = 0 € R4, khi d6 &f*(BZ/Q)(%g(O)) =0.
suy ra i P (745(0)) va do d6 PP (163(1)) = 0 vi i > 0.

Chu ¥ 3.4.4. Duya vao Ménh d&2.5.1| dé thiy (F, ®.,, %, H*(BZ/2))# dugc sinh béi
{[QQilb[qu] g > ]}U{(Sq())Z (|:Q2(2j1)b[ui| + |:Q21+11b[2}:|> i > 07] > 1} .

Do d6, dong cAu Lannes-Zarati hang 1 gpfl*(BZ/ 2) khong phai 12 toan cAu.
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3.5. Két luan Chuong 3

Trong chuong nay, ching t6i st dung cdc két qua da dugc xay dung & cic phan
trude dé khao sat déang diéu clia dong chu Lannes-Zarati modulo p ¢ trong trudng
hgp M =, va trong trudng hop M = H*(BZ/p). Két qua 1a chiing toi da thu dugc
anh hoan toan ctia ¢°” véi 1 < s < 3 (xem Pinh 1y[3.1.1] Dinh 1y[3.1.2] Dinh Iy

va anh ctia o7 P2 y6i s = 0,1 (xem Dinh 1y 3.3.1, Dinh 1y 3.3.2

Cubi cling, chiing t6i st dung phuong phap nay dé kiém tra lai cac két qua vé anh
clia dong ciu Lannes-Zarati modulo 2 da dugc cong bd trong cac tai liéu [72], [23],
[27], [32], [30]. Két qua 1a ching t6i da thu dudc cac két qua tuong dong vdi cac két
qua da dudc cong bd nhung véi phan tinh todn don gian hon (xem Ménh dé
Ménh d&[3.4.3). Bén canh d6, ching t6i con thu dugc anh ctia ddng ciu @52 trén cdc
phan tit khéng phan tich dugc ctia Ext® ™ (Fy, Fy) v6i 0 < ¢t < 114 da duge Chen
[12] tim dugc vao nam 2013 (xem Pinh 1y [3.4.2)).
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Két ludn

Trong luan 4n nay, ching t6i dat dugc nhitng két qua chinh sau day:

1. Xay dung biéu dién & mic do day chuyén cta (©*)# trén phic day chuyén
Singer-Hung-Sum (xem Dinh ly cling nhu biéu dién day chuyén cta ¢
trong dai s6 Lambda (xem Hé qué [2.2.4), biéu dién day chuyén cta ¢ trén
A ® M#, v6i o7-modun M bit ky (xem Ménh dé 2.2.5)). Cac két qui nay sé
dugc st dung d€ tim nhan va anh ctia dong cAu Lannes-Zarati ) véi nhiing s

nho cho trudng hop p 1é.

2. Phit trién todn ti Iy thita P° tac dong lén Ext®*(F,, F,) (xem Liulevicius [41]],
[42] va May [19]). V6i M = F, va M = f[*(BZ/p), chiing t6i da chi ra rang
ton tai mot toan ti PP tic dong trén Ext®* (M, F,) va trén (F, ®,, %, M)#. Hon
nifa, todn td nay con giao hoan véi dong cAu Lannes-Zarati ) (xem Ménh dé
. Két qua nay da lam giam dang ké viéc tinh toan. Do d6, todn ti nay tré
thanh cdng cu quan trong dé nghién ciiu dang diéu ctia dong ciu Lannes-Zarati

modulo p.

3. Khdo sat dang diéu ctia dong ciu Lannes-Zarati modulo p ©} trong trudng hop
M = T, va trong trudng hgp M = H*(BZ/p). Két qué 1a ching toi da thu
dudc anh hoan toan cia gpf” v6i 1 < s < 3 (xem Dinh ly Dinh ly

H(BZ/P) \6i s — 0,1 (xem Dinh 1y B.3.1] Dinh 1y

Dinh 1y 3.1.4) va anh ctia !’
33.0).

4. Cubi cung, kiém tra lai cac két qua vé 4nh clia dong cAu Lannes-Zarati modulo
2 da dudc cong bd trong cac tai lidu [72], [25]], [271, [32], [30]. Két qua thu ducc
tuong dong véi cac két qua da dudc cong bd nhung v6i phan tinh todn don gian
hon (xem Ménh dé Ménh dé[3.4.3). Dua vao két qui ctia Chen [12] vé cic
phén tit khéng phén tich dudc ciia Ext®™ (Fy, Fy) v6i 0 < ¢ < 114, ching toi
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tinh 4nh clia cdc phan ti nay qua dong ciu Lannes-Zarati modulo 2 hang 6 theo
cach tiép can khac, d6 1a chiing t6i khong dung két qua ciia bai toan “hit” trén
P¢. Qua day, chiing t6i cling da ki€ém ching lai cic két qua da dudc chitng minh
vé ddng ciu Lannes-Zarati modulo 2 (xem Dinh 1y 3.4.2)).

Du kién vé nhitng nghién ciu tiép theo

1. Ching toi sé tiép tuc nghién citu d4ng diéu ctia dong cAu Lannes - Zarati modulo

p trong céc truong hop s > 4.

2. Chiing tdi du kién sé& nghién cttu dong ciu chuyén Singer modulo p véi p 12 s6

nguyén to 18.
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